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Abstract. 

In this article we prove that the union of two almost orthogonal planes in R 4 is Almgren- minimal. 
This gives an example of a one parameter family of minimal cones, which is a phenomenon that does 
not exist in R 3 . This work is motivated by an attempt to classify the singularities of 2-dimensional 
Almgren-minimal sets in W 4 . Note that the traditional methods for proving minimality (calibrations 
and slicing arguments) do not apply here, we are obliged to use some more complicated arguments 
such as a stopping time argument, harmonic extensions, Federer-Fleming projections, etc. that are 
rarely used to prove minimality (they are often used to prove regularity). The regularity results for 
2-dimensional Almgren minimal sets ([5], [6]) are also needed here. 
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1 Introduction and preliminaries 
1.1 Introduction 

One of the main topics in geometric measure theory is the theory of minimal sets, currents and surfaces, 
which aims at important progress in understanding the regularity and existence of physical objects 
that have certain minimizing properties such as soap films. This is known in physics as Plateau's 
problem. Recall that a most simple version of Plateau's problem aims at finding a surface which 
minimizes area among all the surfaces having a given curve as boundary. See works of Besicovitch, 
Federer, Fleming, De Giorgi, Douglas, etc. for example. 

Lots of notions of minimality have been introduced to modernize Plateau's problem, such as 
minimal surfaces, mass minimizing or size minimizing currents (see [18] for their definitions), varifold 
(c.f.[2]). In this article, we will mainly use the notion introduced by F. Almgren [3], in a general setting 
of sets, and which gives a very good description of the behavior of soap films. Note that soap films are 
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2-dimensional objects, but a general definition of d— dimensional minimal sets in an open set U C R" 
is not more complicated. 

Intuitively, a d— dimensional minimal set E in an open set U C R™ is a closed set E whose 
d— dimensional Hausdorff measure could not be decreased by any local Lipschitz deformation. (See 
Section 1.2 for the precise definition.) 

The point of view here is very different from those of minimal surfaces and mass minimizing 
currents under certain boundary condition, which are more usually used. Comparing to the big 
number of results in the theory of mass minimizing currents, or classical minimal surface, in our case, 
very little results of regularity and existence are known. However, Plateau's problem is more like the 
study of size minimizing currents, for which much less results are known cither (see [17] for certain 
existence results). One can prove that the support of a size minimizing current is automatically an 
Almgrcn minimizer, so that all the regularity results listed below are also true for supports of size 
minimizing currents. 

First regularity results for minimal sets have been given by Frederick Almgren [3] (rectifiability, 
Ahlfors regularity in arbitrary dimension), then generalized by Guy David and Stephen Semmcs [7] 
(uniform rectifiability, big pieces of Lipschitz graphs), Guy David [4] (minimality of the limit of a 
sequence of minimizers). 

Since minimal sets are rectifiable and Ahlfors regular, they admit a tangent plane at almost every 
point. But our main interest is to study those points where there is no tangent plane, i.e. singular 
points. 

A first finer description of the interior regularity for minimal sets is due to Jean Taylor, who gave 
in [20] an essential regularity theorem for 2-dimensional minimal sets in 3-dimensional ambient spaces: 
if E is a minimal set of dimension 2 in an open set of M? , then every point x of E has a neighborhood 
where E is equivalent (modulo a negligible set) through a C 1 diffeomorphism to a minimal cone (that 
is, a minimal set which is also a cone). 

In [5], Guy David generalized Jean Taylor's theorem to 2-dimcnsional minimal sets in R n , but with 
a local bi-H61der equivalence, that is, every point x of E has a neighborhood where E is equivalent 
through a bi- Holder diffeomorphism to a minimal cone C (but the minimal cone might not be unique) . 

In addition, in [6], David also proved that, if this minimal cone C satisfies a "full-length" condition, 
we will have the C 1 equivalence (called C 1 regularity). In particular, the tangent cone of E at the 
point xe£ exists and is a minimal cone, and the blow-up limit of E at x is unique; if the full-length 
condition fails, we might lose the C 1 regularity. 

Thus, the study of singular points is transformed into the classification of singularities, i.e., into 
looking for a list of minimal cones. Besides, getting such a list would also help deciding locally what 
kind (i.e. C 1 or bi-H61dcr) of equivalence with a minimal cone can we get. 
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In R 3 , the list of 2-dimensional minimal cones has been given by several mathematicians a century 
ago. (Sec for example [11] or [10]). They are, modulo isomorphism: a plane, a Y set (the union of 3 
half planes that meet along a straight line where they make angles of 120 degrees), and a T set (the 
cone over the 1-skclcton of a regular tetrahedron centered at the origin). See the pictures below. 




In higher dimensions, even in dimension 4, the list of minimal cones is still very far from clear. 
Except for those three minimal cones that already exists in R 3 , the only 2-dimensional minimal cone 
that was known before this paper is the union of two orthogonal planes, whose minimality could be 
proved by a simple projection argument. 

It was not even known whether this is the only minimal cone with this shape, i.e., as a union of 
two planes. 

Note that in R 3 , no small perturbation of any minimal cones ever preserves the minimality, and 
even, each minimal cone admits a different topology from the others. But in this article we will show 
the following theorem, which exhibits a phenomenon that does not exist in R 3 : 

Theorem 1.1. There exists a continuous one-parameter family of 2-dimensional minimal cones R™ 
for n > 4. 

In fact, we are going to prove the following more precise theorem, of which Theorem 1.1 is a direct 
but noticeable corollary. 

Theorem 1.2 (minimality of the union of two almost orthogonal planes). There exists < 9 < |, 
such that if P 1 and P 2 are two planes in R 4 whose characteristic angles {ct\, a 2 ) satisfy a 2 > a\ > 9, 
then their union P 1 UP 2 is a minimal cone in R 4 . 

The characteristic angles of two planes P 4 ,P 2 describe their relative position, the definition will 
be given in Section 2. But an equivalent statement of Theorem 1.2 that might be easier to understand 
is that any almost orthogonal union of two planes in R 4 is minimal, i.e. there exists a > 0, such that 
if for any vi E P 1 , v 2 E P 2 , 

(1.3) | < Vi, v 2 > | < a|MHMI 

then P 1 UP 2 is minimal. Or intuitively, there is an "open set" of unions of two planes, which contains 
the orthogonal union of two planes, such that each element in this set (which is a union of two planes) 
is a minimal cone. 
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When a is small, (1.3) is almost equivalent to saying that a\, > § — Ca. Hence we really have 
a one parameter family of minimal cones (which are not C 1 equivalent) , whose intersections with the 
unit ball have the same Hausdorff measure. 

Moreover, it is not hard to check that each cone in this one parameter family verifies the "full- 
length property", hence by Thm 1.15 of [6], if a blow-up limit of a minimal set E at a point x is one 
of these unions of planes P a , then locally E is C 1 equivalent to P a . 

This is also a general question for unions of higher dimensional planes. Unions of orthogonal planes 
are always minimal, but for non-orthogonal cases we know very little. Some new information can be 
given, using the arguments and results of this paper and the notion of topological minimal sets, see 
[14]. 

For the proof of the theorem, the argument is not simply a perturbation analysis. Due to the higher 
codimension and the lack of results for minimal sets in M 4 , the classical methods (such as calibration, 
slicing) for proving minimality do not apply, hence we are obliged to use tools in harmonic analysis, 
which are rarely used to prove minimality results. In particular, we use a stopping time argument to 
divide minimal sets into good and bad parts, and we treat them differently (projection for the bad 
part, harmonic extension for the good part), to get the estimates for their Hausdorff measure. It 
would also be much simpler if we had the existence results for minimal sets, because this would allow 
us to do directly the stopping time argument. However we can only use a partial existence result of 
[9]. We use it to get some sort of minimal set, and we have to prove some necessary regularity for 
it, so that the stopping time argument can be carried on well. Some of the arguments, especially the 
geometric constructions, are somehow painful. But we have not found any other easier way to do it. 

Remark 1.4. 1) To the author's knowledge, the only proof of minimality that does not use a calibration 
argument (probably not available here) is the proof of minimality for the cone T, suggested by J.Taylor 
in [20], using a topological argument, and the list of all the other minimal cones. But in our case the 
topology is more complicated, existence results are weaker, and moreover the list of the other minimal 
cones are far from known. 

2) Frank Morgan gave a conjecture in [16] on the angle condition (which is imposed on the sum of 
the two characteristic angles ) under which a union of two planes is minimal. It was proved by Gary 
Lawlor [12] that if the sum of their two characteristic angles is less than then the union of the 
two planes will not be minimal. The remaining part is still open. 

Our theorem also solves partially the remaining part of this conjecture, because if ct\ + a 2 > \ + 
(9 is as in Theorem 1.2), then we'll have a 2 > oi\ > 9 (since both of them are no more than n/2), 
and Theorem 1.2 implies that the union of two planes with this pair of angles is minimal. 

The strategy of the proof of Theorem 1.2 is the following. 
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Since our objects are cones centered at the origin, to prove that their measure could not be 
decreased by any deformation in any compact set in ]R" (which is the definition for minimal sets, see 
Subsection 1.1 for the precise definition), we can just look at deformations in the unit ball B = P(0, 1). 
For 9 = (61,62), denote by Pg the union of two planes with characteristic angles 6. We begin by 
verifying that f (f , 5 ) is minimal, and moreover is the only minimal set in the unit ball among all sets 
with the same boundary and surjective orthogonal projections on the two planes. Here the boundary 
of a set is just the intersection of its closure with the unit sphere. 

Next we begin to prove Theorem 1.2. Suppose the conclusion of the theorem is false. Then there 
exists a sequence {&k} which converges to 60 := (|, |), such that Pg k is not minimal. Set P k = Pe k , 
and P Q = P$ Ug Pi = Pi U ± P 2 . So we have 

(1.5) inf{P 2 (P) : F C B(0, 1) is a deformation of P k in B} < H 2 (P k n B) = 2n. 

The next step would be easier if we could find, for each k, a deformation E k of P k in B which 
minimizes H 2 (E<~)B) among all deformations E of P k in B. Unfortunately, no such existence theorem 
is known. 

However, Vincent Feuvrier showed in his thesis [9] a partial existence result, which says that given 
an original set E in B, there exists a certain set F that is minimal in B, which is the limit of a 
minimizing sequence of deformations of E in B, and such that 

(1.6) H 2 (F) < ml{H 2 {E') : E' C B{0, 1) is a deformation of E in 5(0, 1)}. 

We cannot say that this set F obtained by limit of deformations is still a deformation of E, but 
luckily we shall not need to know that. We show first that for i = 1,2, the projection of each set E k 
on the plane PI contains P^nB; then we manage to show that E k has the same boundary as Pk- We 
can also get 

(1.7) H 2 (E k ) <2n = H 2 (P k nB). 

Hence we get our favorite sequence of minimal sets E k , whose boundaries converge to the boundary 
Po n dB of P (recall that P = Pq Uj_ Pq)- We take a convergent subsequence, that we still denote 
by {E k }. By [4] Thm 4.1, the limit of a sequence of minimal sets is still minimal, hence the limit P^ 
of {E k } is minimal. Now E^ n dB = Po H dB, hence the uniqueness theorem for pj tells us that P^ 
cannot be anyone other than Pq. Moreover, the Hausdorff distance between E k and P k also converges 
to 0, because P k converges also to Pq. See Section 4 for detail. 

Now for every fixed small e, we will use a stopping time argument to decompose every E k . More 
precisely, we use a stopping time argument to find, for each k, a critical radius r k = r k (e), such that 
Pfe is e-ncar P k or a translation outside a ball B{o k ,r k ), with o k fairly near the origin. Moreover in 
B{o k ,r k ), E k begins to get away a little from P k , that is, r k is the scale in which E k begins to go away 
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from Pfc, even though we do not understand how. In spite of that, we will manage to show that the 
the projections of the part of E k inside B(ok,r k ) on the two planes are surjective. (The proof of this 
projection property is essentially derived from the construction in the proof of the partial existence 
result of [9], which is somehow complicated). 

We know that r k is the very first radius such that E k is not er k near Pk, so when e is sufficiently 
small, by the regularity of minimal sets near flat points, we manage to show that outside the small 
ball B(ok, \rk), Ek is the union of two C 1 graphs on P k ,P k respectively. Then we decompose Ek into 
two parts, which are outside and inside B(o k ,-^r k ) respectively. 

For the part outside, we already know that Ek is composed of two graphs Gi of C 1 functions 
fi from the annuli PI D 13(0, l)\B(o k , \r k ) to P k ± respectively. But the union of two parts is not 
ervnear any translation of Pk in B(ok,rk)\B(ok, \rk) (in fact, we have only shown that E k is not er k - 
near any translation of Pk in B{o k , r k ) rather than B(o k ,rk)\B(ok, \r k ), but then we can prove by a 
compactness argument that E k is not too close to any translation of Pk in B(o k ,r k )\B(o k , \r k ) either, 
maybe at the price of making e smaller. See Section 8 for more detail). Thus, at least one of the two 
graphs is ^er^ far from any translation of its domain. Suppose this is the case for i = 1. This means 
that f\ oscillates of order erk in the region B(ok, r k )\B(o k , \r k ). Then some argument using harmonic 
functions gives that the Dirichlet energy Jpi nB ( 0)1 )\ B(ojb) i rfe) |V/i| 2 of f x on P fe x n B(0, l)\B(o k , \r k ) 
is larger than C(e)r 2 . But this is almost equivalent to the difference between the measure of the graph 
G\ and the measure of the annulus P k n B(0, l)\B(o k , \r k ), so we have 

(1.8) H 2 (E k n B(0, l)\B(o k K k )) > H 2 {Pl n 5(0, l)\B(o fc) \r k )) + C(e)r 2 k . 

This means we gain some measure C(e)r k , where the constant C(e) does not depend on k. 
For the inside part, by a projection argument we can show that 

H 2 (E k n B(o k , -r k )) > (1 - C x (J - 9 k ))H 2 (P k n B(o k , -r k )) 

(1.9) 4 2 4 

= H 2 (P k n B(o k , -r k )) - C x (- - e k )r 2 , 

where (recall that) | — ^fe^Oasfc^oo. 
Altogether we get 

(1.10) H 2 (E k ) > H 2 (P k n B(0, 1)) + [C(e) - C x (| - 9 k )}r 2 . 

When k — > oo, the term [(7(e) — C x (f — ®k)V\ is strictly positive, so the measure of Ek l~l B is strictly 
larger than 27r. But this cannot happen, because of (1.7). 
Thus we finish the proof of Theorem 1.2. 

Here we have to point out that if we could control how fast are the E k converging to P , then wc 
would be able to give an estimate on the term (7(e) — C x (| — 6 k ), and thus to give an estimate on 
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the angle 9 in Theorem 1.2. But such a control might need a deeper understanding of the uniqueness 
theorem of P (Thm 3.1). 

The same kind of argument for proving Theorem 1.2 can be generalized (but not trivially) to prove 
the minimality of the union of n almost orthogonal planes of dimension m in R mn (which are also 
related to Morgan's conjecture), and also the union of a plane and a Y in R 5 . See [13] for detail. 

The plan for the rest of this article is the following. 

Subsection 1.1 will give some notation and conventions that we will use frequently afterwards. 

Section 2 is devoted to the estimation of the sum of projections of a simple unit 2-vector to two 
planes, estimation that depends on the characteristic angles of the two planes. Based on this we give 
a comparison between the measure of a rectifiable set and the sum of the measures of its projections 
on the two planes. 

In Section 3 we prove that Pq is the only minimal set in B(0, 1) with the given boundary and 
surjective projections. 

In Section 4 we show the existence of the minimal sets E kl as well as some of their properties. 
Section 5 is devoted to finding the critical radius r k , and giving some properties of E k outside 
the"ball" D(o k , \r k ). 

In Section 6 we prove that the projections of E k on Pi and Pi are surjective, in B(0, 1), as well 
as in B(o k ,t) for all t € [\r k ,r k ]. We also give the C 1 regularity of E k outside the ball B(o k , \r k ). 

Section 7 contains an argument of harmonic extension, which gives a lower bound for the measure 
of the graph of a function, depending on the size of the order of its oscillations near the boundary. 

Finally we arrive at our conclusion in Section 8, by combining all the information we gathered 
before. 

Acknowledgement: I would like to thank Guy David for many helpful discussions and for 
his continual encouragement. I also wish to thank Thierry De Pauw for having given many useful 
suggestions. The results in this paper were part of the author's doctoral dissertation at University of 
Paris-Sud 11 (Orsay). This work was supported by grants from Region Ile-de-France. 

1.2 Preliminaries 

• In all that follows, minimal set means Almgren minimal set; 

• [a, b] is the line segment with end points a and 6; 

• [o, b) is the half line issued from the point a and passing through b: 

• B(x, r) is the open ball with radius r and centered on x; 

• B(x, r) is the closed ball with radius r and center x\ 

• For any set E C R n , and r > 0, B(E,r) := {x £ M. n ,d(x,E) < r} = U xeE B(x,r); 

• is the vector b — a; 
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• H is the Hausdorff measure of dimension d ; 

• d H {E 1 F) = max{sup{d(y, F) : y e E, sup{d(y, E) : y e F}} is the Hausdorff distance between two 
sets E and F. 

In the next definitions, fix integers < d < n. We are mostly interested in d = 2 and n = 4 here. 

Definition 1.11 (Almgren competitor (Al competitor for short)). Let E be a closed set in an open 
subset U ofR n . An Almgren competitor for E is a closed set F C U that can be written as F = ip\{E), 
where (ft : U — >• U is a family of continuous mappings such that 

(1.12) <Po(x) = x for x e U; 

(1.13) the mapping (t,x) — > <ft{x) of [0, 1] x U to U is continuous; 

(1.14) ipi is Lipschitz, 

and if we set W t = {x e U ; Pt(x) ^ x} and W = Ute[o i}\Wt U <Pt{Wt)], then 

(1.15) W is relatively compact in U. 

Such a ipi is called a deformation in U, and F is also called a deformation of E in U. 

Definition 1.16 ((Almgren) minimal sets). Let < d < n be integers, U an open set o/R™. A closed 
set E in U is said to be minimal of dimension d in U if 

(1.17) H d (E n B) < oo for every compact ball B C U, 
and 

(1.18) H d (E\F) < H d (F\E) 
for all Al competitors F for E. 

Remark 1.19. When the ambient set U is ]R n , or a ball, we can also take the class of local Almgren 
competitors to define the same notion of minimal set. Keep the E, U, n and d as before; a local 
Almgren competitor of E in U is a set F — f(E), with 

(1.20) / = id outside some compact ball B C U, 

(1.21) f(B)GB, 
and f is Lipschitz. 
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A such f is called a local deformation in U, or a deformation in B, and F — f(E) is also called 
a local deformation of E in U, or a deformation of E in B. 
Note that in this case, the condition (1.18) becomes 

(1.22) H d (E nB)< H d (F n B). 

We say that a set E closed in an open set U is locally minimal if (1.17) holds, and for any compact 
ball B C U , and any local Almgren competitor F for E in B, (1.22) holds. 

One can easily verify that when U is R n or a ball, the class of Al competitors coincides with the 
class of local Al competitors, so the two classes define the same kind of minimal sets. However, if 
the ambient set U has a more complicated geometry, then the class of local Al competitors is strictly 
smaller, so a set minimizing the Hausdorff measure among local Al competitors might fail to be Al- 
minimal. 

Remark 1.23. The notion of minimal sets does not depend much on the ambient dimension. One 
can easily check that E C U is d~ dimensional minimal in U C K n if and only if E is minimal in 
U x R m C R m+n , for any integer m. 

Remark 1.24. For a description of a little more general kind of sets, such as soap bubbles (where the 
pressures are different in different connected components of their complementary) , or taking gravity 
into consideration, we can use a notion of almost minimal sets, where we add some error term in the 
condition (1.18). To these sets, almost all the argument for minimal sets can be applied, and we have 
essentially the same regularity results. See [5] for definitions and more detail. 

Definition 1.25 (reduced set). Let U C W 1 be an open set. For every closed subset E of U , denote 
by 

(1.26) E* ={xe E ; H d (E n B(x, r)) > for all r > 0} 

the closed support (in U) of the restriction of Ft d to E. We say that E is reduced if E — E* . 
It is easy to see that 

(1.27) H d (E\E*)=0. 

In fact we can cover E\E* by countably many balls Bj such that Ft d (E (~l Bj) = 0. 

Remark 1.28. If E is minimal, then E* is also minimal, because if ip\ is a deformation in U 
as defined in Definition 1.11, then it is Lipschitz, hence H d (ip(E\E*)) = H d (E\E*) = 0. So the 
condition (1.18) is the same for E* as for E. As a result it is enough to study reduced minimal sets. 
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Definition 1.29 (blow-up limit). Let U C R n be an open set, let E be a relatively closed set in U, 
and let x e E. Denote by E(r,x) = r~ x (E — x). A set C is said to be a blow-up limit of E at x if 
there exists a sequence of numbers r n , with linin^oo r n = 0, such that the sequence of sets E(r n ,x) 
converges to C for the Hausdorff distance in any compact set o/R". 

Remark 1.30. A set E might have more than one blow-up limit at a point x. 

We now state some regularity results that will be used throughout this paper. 

Definition 1.31 (bi-H61der ball for closed sets) . Let E be a closed set of Hausdorff dimension 2 in W 1 . 
We say that B(0, 1) is a bi-Holder ball for E, with constant t e (0, 1) 7 if we can find a 2-dimensional 
minimal cone Z in I" centered at 0, and f : 5(0, 2) — > R n with the following properties: 
1° /(0) = and \ f{x) -x\<t forxe 5(0, 2); 

2° (l_ T )|a;_ y |i+r < \f(x)-f(y)\ < (l + r^x-yl 1 - for x,y e 5(0,2); 

3° B(0,2-t)c/(B(0,2)); 

4° EH 5(0, 2 - r) C f(Z n 5(0, 2)) C E. 

We also say that B(0,1) is of type Z . 

We say that B(x, r) is a bi-Holder ball for E of type Z (with the same parameters) when B(0, 1) 
is a bi-Holder ball of type Z for r^ 1 (E — x). 

Theorem 1.32 (Bi-H61dcr regularity for 2-dimensional minimal sets, c.f.[5] Thm 16.1). Let U be an 

open set in R™ and E a reduced minimal set in U . Then for each Xq G E and every choice o/r € (0, 1), 
there is an ro > and a minimal cone Z such that B(xo,ro) is a bi-Holder ball of type Z for E, with 
constant r. Moreover, Z is a blow-up limit of E at x. 

Definition 1.33 (point of type Z). Ln the above theorem, we say that x a is a point of type Z (or Z 
point for short) of the minimal set E. 

Remark 1.34. Again, since we might have more than one blow-up limit for a minimal set E at a 
point x e E, the point x n might of more than one type (but all blow-up limits at a point are bi-Holder 
equivalent). However, if one of the blow-up limits of E at x n admits the "full-length" property (see 
Remark 1.36), then in fact E admits a unique blow-up limit at the point xq. Moreover, we have the 
following C l a regularity around the point xq. In particular, the blow-up limit of E at xo is in fact a 
tangent cone of E at x n . 

Theorem 1.35 (C 1,Q — regularity for 2-dimensional minimal sets, c.f. [6] Thm 1.15). Let E be a 2- 

dimensional reduced minimal set in the open set U C M n . Let x e E be given. Suppose in addition that 
some blow-up limit of E at x is a full length minimal cone (see Remark 1.36). Then there is a unique 
blow-up limit X of E at x, and x + X is tangent to E at x. In addition, there is a radius r > such 
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that, for < r < ro, there is a C 1,a diffeomorphism (for some a > 0) $ : B(0, 2r) — > $(5(0, 2r)), 
sucft t/iaf $(0) = a; and |$(y) - a; - y| < lCT 2 r /or y e 5(0, 2r), and E n 5(x, r) = n B(x, r). 

We can also ask that D$(x) = Id. We call B(x, r) a C 1 ball for E of type X. 

Remark 1.36 (full length, union of two full length cones X\ U X 2 ). We are not going to give the 
precise definition of the full length property. Instead, we just give some information here, which is 
enough for the proofs in this paper. 

1 ) The three types of 2- dimensional minimal cones in M 3 , i.e. the planes, the Y sets, and the T sets, 
all verify the full-length property (c.f, [6] Lemmas 14-4, 14-6 and 14-27). Hence all 2-dimensional 
minimal sets E in an open set U C M. 3 admits the local C 1 '" regularity at every point x e E. But this 
was known from [20]. 

2) (c.f., [6] Remark 14-40) Let n > 3. Note that the planes, the Y sets and the T sets are also 
minimal cones in K™. Denote by € the set of all planes, Y sets and T sets in R". Let X = Ui<j<„X, e 
R™ be a minimal cone, where Xi G £, 1 < i < n, and for any i ^ j, n Xj = {0}. Then X also 
verifies the full-length property. 



2 Projections on two orthogonal or almost orthogonal planes 

In this section, we will give some estimates for the sum of the measures of projections of a rectifiable 
set on two transversal planes. These estimates are somewhat algebraic, and mainly use estimates for 
the sum of projections of simple unit 2-vectors in R 4 . Here unit simple 2-vectors are used to represent 
planes and their relative positions, or are treated as surface elements or derivatives of functions between 
two rectifiable sets when we try to do some integration. As a result the orientation of a simple 2-vector 
will be ignored, in other words, we will essentially not need to distinguish between x Ay and y Ax. 

Denote by A2(R 4 ) the space of all 2-vectors in R 4 . Let x,y be two vectors in M 4 , we denote by 
x A y E A2(K 4 ) their exterior product. If {ei}i<i<4 is an orthonormal basis, then {ei A ej}i<i<j<4 
forms a basis of A 2 (R 4 )- We say that an element v € A 2 (R 4 ) is simple if it can be expressed as the 
exterior product of two vectors. 

The norm on A2(R 4 ), denoted by | • |, is defined by 



Under this norm A 2 (K 4 ), is a Hilbert space, and {e^ Aej}i<j<j<4 is an orthonormal basis. For a simple 
2-vector x Ay, its norm is 



(2.1) 




i<j 



i<j 



(2.2) 



x ^y\ = IMIIMIsmZ, 
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where /- XtV £ [0, n] is the angle between the vectors x and y, and 1 1 • 1 1 denotes the Euclidean norm on 
R 4 . A unit simple 2-vector is a simple 2- vector of norm 1. Notice that | • | is generated by the scalar 
product <, > defined on A 2 (M 4 ) as follows: for £ = J2i<i<j<4 a ij e i A e j>( = Xa<i<j<4 & u e i A e h 

(2.3) <e,c>= J2 "■■■''■■>■ 

l<i<j<4 

One can easily verify that if two pairs of vectors x,y and x',y' generate the same 2-dimensional 
subspace of M 4 , then there exists r £ K\{0} such that x Ay — rx' A y' . 

Now given a unit simple 2-vector £, we can associate it to a 2-dimensional subspace P(£) £ G(4, 2), 
where G(4, 2) denotes the set of all 2-dimensional subspaces of M 4 : 

(2.4) P(0={«el 4 ,DAC = 0}. 

In other words, P(x A y) is the subspace generated by x and y. 

From time to time, when there is no ambiguity, we write also P — x Ay, where P £ G(4, 2) and 
the two unit vectors i,i/eR 4 arc such that P = P(x Ay). In this case x Ay represents a plane. 

For the side of linear maps, if / is a linear map from R 4 to K 4 , then we denote by A2/ (and 
sometimes / if there is no ambiguity) the linear map from A 2 (K 4 ) to A 2 (K 4 ) such that 

(2-5) A 2 f(xAy) = f(x)Af(y). 

And for the side of G(4, 2) (the set of all planes, without considering orientations), for a unit simple 
2-vector £ £ A 2 K 4 , wc have always = P{-£), so that we can define |/(-)| : G(4,2) ->• K+ U {0} 

by 

(2-6) |/GP(0)l = |A 2 /(0l- 

One can easily verify that the value of |/(-P(£))| does not depend on the choice of £ that generates P. 
So |/(-)| is well defined. 

2.1 Some estimate for the sum of projections of simple 2-vectors on two 
transversal planes 

Let us recall the definition of characteristic angles between two planes. Let P 1 , P 2 be two 2-dimensional 
planes in R 4 . Among all pairs of unit vectors (v,w) with v £ P 1 , w £ P 2 , we choose (vi,w\) which 
minimizes the angle between them. We denote by a\ this angle. Next we look at all the pairs of unit 
vectors {(v',w') : v' £ P 1 ,^/ £ P 2 ,v' _L vi,w' _L wi} (here P 1 and P 2 are 2-dimensional, so once 
Wi,v\ are fixed, generally we only have four such pairs, (±«2, iii^)), an d we choose («2,W2) which 
minimize the angle among all such pairs. Denote by a 2 this angle. Then (ai,a2) (with a\ < a 2 ) is 
the pair of characteristic angles between P 1 and P 2 . 



12 



Characteristic angles characterize absolutely the relative position between two planes, in the sense 
that we can find an orthonormal basis {ei}i<i<4 of M 4 , such that 

(2.7) P 1 = e\ A e 2 and P 2 = (cosaiei + smokes) A (cosa 2 e 2 + sina 2 e4). 

Notice that two planes are orthogonal if their pair of characteristic angles is (§,§)• 

Now we want to estimate the sum of projections of a unit simple 2-vector on them. Denote by p l 

the orthogonal projection on P*,i = 1,2. Then p % is a linear map. We also denote by p l the linear 

map f\ 2 p % from A 2 (M 4 ) to itself, as defined in (2.5). 

Now let £ be a unit simple 2-vector, then there exists two unit vectors x, y such that £ = x A y and 

ill/. We write x, y in the basis : 

(2.8) x = ae\ + be 2 + ce 3 + de4, y = a! e\ + b'e 2 + c'e 3 + rf'e 4 
with 

(2.9) a 2 + b 2 + c 2 + d 2 = a' 2 + b' 2 + c' 2 + d' 2 = 1 
and 

(2.10) aa' + bb' + cc' + dd' = 0. 
We calculate the projections ^'(Ol- 

(2.11) 1^(01 = | < ei A e 2 ,£ > | = \ab' - a'b\, 
and 

b 2 (C)l — I < (cosaiei + sinaie 3 ) A (cosa 2 e 2 + sina 2 e 4 ),£ > | 

(2.12) =| (a&' — a'b) cos ai cos a 2 + {ad 1 — a 1 d) cos a\ sin a 2 

+ (cb' — cb) sin a\ cos a 2 + (cd' — cd) sin ot\ sin a 2 \ ■ 
Then when ot\ — a 2 = |, we have 

1/(01 + b 2 (OI = - o'6| + M' - c'd| < \ab'\ + \a'b\ + \cd'\ + \dd\ 

(2.13) 1 1 

<= 2 (a 2 + b' 2 + a' 2 + b 2 ) + ! 2 (c 2 + d' 2 + c' 2 +d 2 ) = l 

because of (2.9). So we get the following lemma. 

Lemma 2.14. Let P 1 , P 2 be two orthogonal planes, then for every unit simple 2-vector £ G A 2 1R 4 we 
have 

(2.i5) 1^(01 + b 2 (0l<i- 
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More precisely, the next lemma gives exactly which are those unit simple 2-vectors satisfying 
equality in (2.15). Denote by S the set of all unit simple 2-vectors £ G A 2 ^ 4 sucn ^ na * 

(2.16) 1^(01 + b 2 (OI = i- 

Then P(E) = {P(£),£ € S} is a compact subset of G(4,2) (c.f. [8], 1.6. 2). 

Lemma 2.17. If x A y e S, £/ien iftere exisis a <E [0, §], Vi,Ui,i = 1,2 /ow wmf vectors such that 
Vi G P 1 , iti € P 2 , wi J- w 2 ,wi J- u 2 , so i/iai 

(2.18) x = cos aui + sin cwi and y — cos av 2 + sin cro 2 . 

Proof. This is just Wirtingcr's inequality stated in 1.8.2 of [8], with v = 2, M 4 = Ci © C 2 , P 1 = Ci, 
P 1± = C 2 , A* = 1; the argument consists in checking the equality cases in (2.13). □ 

Now we look at unions of two almost orthogonal planes. 

Proposition 2.19. Let < ct\ < a 2 < § , and Zet P 4 ,P 2 C M 4 fee two planes with characteristic 
angles a\ < a 2 . Denote by p l the orthogonal projection on P % , i = 1,2. T/ien /or any unit simple 
2-vector ( G A 2 ^ 4 > ^ s projections on these two planes satisfy: 

(2.20) IKCl + I^CI < l + 2cosai. 

Remark 2.21. Notice that when ol\ tends to ^, coscti tends to 0. So Proposition 2.19 implies that 
for e small, there exists 8 = 8(e) e]0, f [ such that if a 2 > eti > 0, f/ien /or all unit simple vectors 
\2 



Ce A 2 m ' 



(2.22) I^CI + b 2 CI < 1 + e. 

Proof of Proposition 2.19. 

Let < ai < ct 2 < \ be two arbitrary angles, and let P 1 and P 2 be a pair of planes with 
characteristic angles ai,a 2 . Then there exists an orthonormal basis {ei}i<i<4 of M 4 such that P 1 = 
eiAe 2 , P 2 = (cosaie! + sinaie 3 ) A (cosa 2 e 2 + sina 2 e4) . 

Denote by p the projection on the plane P(e^ A e^). For each unit simple ( £ /\ 2 (R 4 ), we have 

(2.23) l^ci + \ P 2 C\ = \pH\ + IKI + (\p 2 C\ IKI) < \pH\ + IKI + \p 2 C - Kl- 

By Lemma 2.14, 

(2.24) I^CI + |KI < 1. 
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Hence we just need to estimate \(p 2 — p)C\. By definition, 

(p 2 - P)(C) = < (cosaiei + sinaie 3 ) A (cosa 2 e 2 + sina 2 e4) - e 3 Ae 4 ,(> 
(2.25) = < cos ai cos a 2 ei A e 2 + cos a\ sin a 2 ei A + sin a\ cos a 2 e3 A e 2 

+ (sinai sina 2 — l)e% A e^), C > • 

Notice that ( is a unit 2-vector, so we have ( — J2i<i<j<4 a ij e i A e i-> where Xa<j<j<4 a ij = 1- 
Hence 

\(p 2 -p)(C)\ 

=\ai2 cosai cosa 2 + au cosai sina 2 — a 2 3 sinai cosa 2 + a 3 4(sinai sina 2 — 1)| 

< [cos 2 a\ cos 2 a 2 + cos 2 at\ sin 2 a 2 + sin 2 a 2 cos 2 a 2 + (sin ct\ sin a 2 — l) 2 ] i 
x [a 2 2 + a 2 4 + a2. 3 + a\ A ] s 

<[cos 2 ai + cos 2 ai + cos 2 a 2 + (1 — sin 2 ai) 2 ]' 

< [3 cos 2 ol\ + cos 4 ai] ' < [4 cos 2 cti] ? — 2 cos a\ 

by Cauchy-Schwarz and ol\ < a 2 . 

Combining (2.26), (2.23) and (2.24) we obtain the conclusion. □ 



(2.26) 



2.2 Comparison of the measure of a rectifiable set with the sum of mea- 
sures of its projections on two planes 

We will apply the estimates on simple 2-vectors obtained in the last subsection to rectifiable sets. Let 
F be a 2-rectifiable set. Then for almost all x € F the approximate tangent plane of F at x exists 
(c.f.[15] Thm 15.11), and we denote it by T X F. Then T X F <= G(4, 2). For each linear map / : R 4 ->• M 4 , 
|/(T X F)| is defined as in (2.6). 

Lemma 2.27. Let P 1 ,P 2 be two planes in M 4 , let F C M 4 be a 2-rectifiable set. Denote by p % the 
projection on P l . If A is such that for almost all x € F, the approximate tangent plane of F at x 
T X F e G(4, 2) is such that 

(2-28) \p\T x F)\ + \p 2 {T x F)\<\, 

then 

(2.29) H 2 {p 1 {F)) + H 2 (p 2 (F)) < \H 2 {F). 

Proof. 
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Denote by / the restriction of p 1 on F, then / is a Lipschitz function from a 2-rectifiable set to 
a subset of a plane P 1 . Since F is 2-rectifiable, for H 2 — almost all x <G F, f has an approximate 
differential 

(2.30) apDf(x) : T X F -+ P 1 

(c.f.[8], Thm 3.2.19). Moreover this differential is such that || /\ 2 apDf(x)\\ < 1 almost everywhere, 
because / is 1— Lipschitz. 

Now we can apply the area formula to /, (c.f. [8] Cor 3.2.20). For all £f 2 |i?-integrable functions 
g : F -> R, we have 



2 z, 



(2.31) / (gof)-\\A 2 apDf(x)\\dH 2 = f g(z)N(f, z)dti 
Jf Jp 1 

where N(f, z) = jj{/ _1 (z)}, and for z e p 1 (F) we have N(f, z) > 1. Take g = 1, we get 

(2.32) / ||A 2 apL>/(z)||dff 2 = / N(f,z)dH 2 z> f dH 2 = H 2 {p\F)). 
Jf jp 1 Jp 1 (F) 

Recall that p 1 is linear, hence its differential is itself. As a result apDf(x) is the restriction of p 1 
on the 2-subspace T X F, which implies that if {u,v} is an orthonormal basis of T X F, then 

(2.33) || A 2 apDf(x)\\ = \A 2 p 1 (uAv)\ = \p 1 (T x F)\ 
by (2.6). Hence by (2.32) 

(2.34) J \p\T x F)\dH 2 (x) > H 2 {p\F)). 
A similar argument gives also: 

(2.35) J \p 2 {T x F)\dH 2 (x) > H 2 (p 2 (F)). 
Summing over t = 1, 2 we get 

H 2 (piF) + H 2 (p 2 F) < J p \p^T x F\ + \p 2 T x F\dH 2 (x) 
<J F \dH 2 {x) = \H 2 {F) 

since \p*-T x F\ + \p 2 T x F\ < A. □ 

Here are two corollaries of Lemma 2.27. 
Corollary 2.37. The set P = P^ Uj_ P 2 C M 4 is minimal. 
Proof. 
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Let F be an Al competitor of Pq in 5(0, 1). By Remark 1.19, this means that there exists a 
Lipschitz deformation (p in M 4 , with 

(2.38) <p\b(o,i)c = Id, <p(B(0, 1)) C 5(0, 1), and <^(P ) n 5(0, 1) = F. 

We will compare the measure of F with that of P H 5(0, 1). 

Denote by p l , i = 1,2 the projections of R 4 on Pq. Since F is 2-rectifiable, the approximate tangent 
plane T X F of F at x exists for almost all xeF. By representing planes by unit simple 2-vectors, and 
by Lemma 2.14, 

(2-39) \pI(T x F)\ + \p 2 (T x F)\ < 1. 

As a result, Lemma 2.27 gives 

(2.40) F 2 (^(F)) + F 2 (p 2 (F))<F 2 (F). 

Denote by F % = p\ o ^(P* n 5(0, 1)), i = 1,2, then F* is a deformation of n 5(0, 1), and by the 
minimality of planes (in arbitrary ambient dimension) we have 

(2.41) H 2 {F l )>H 2 (P^ OB (0,1)). 
Now since 

(2.42) pl(F) = pi o ^(P n 5(0, 1)) D pi o ^(f* n 5(0, 1)) = F* 
we have 

(2.43) H 2 {pl{F)) > H 2 {F l ) > H 2 (P l n 5(0, 1)). 
We sum over i and get 

F 2 (F)>F 2 (rfF) + F 2 (p 2 F) 

> p^Pq 1 n 5(0, i)) + h 2 (p 2 n 5(0, i)) = h 2 (p n 5(0, i)). 

This implies that Pq is minimal. □ 

Corollary 2.45. Suppose e > is such that arccos(e/2) < cm < Qi, and P 1 , P 2 are two planes with 
characteristic angles (ai,a2). Denote hyp 1 the orthogonal projection on P % ,i — 1,2. Then if E is a 
closed 2- rectifiable set satisfying p l (E) D 5(0, 1) fl P % , we have 

(2.46) P 2 (F) > — . 

Proof, by Proposition 2.19, we know that for almost all point x <E E, the approximate tangent plane 
of F at x T X E satisfies 

(2.47) \p\T x E)\ + \p 2 (T x E)\ < 1 + e. 

We apply Lemma 2.27 to F and obtain the conclusion. □ 
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3 Uniqueness of Pq 



In this section, we will add more information on Corollary 2.37. More precisely, we will prove the 
following Theorem 3.1. It looks quite natural, but its proof is more complicated than the author 
imagined. 

Theorem 3.1. [uniqueness of Pq] Let P — P Uj_ Pq, as in the previous section, and denote by p 
the orthogonal projection on Pq, i = 1,2. Let E C 5(0, 1) be a 2- dimensional closed reduced set such 
that E n B(0, 1) is minimal in B(0, 1) C R 4 , and 

(3.2) P ;(£nB(0,l))D^nB(0,l); 

(3.3) 5 n .95(0,1) = P o n<95(0,l); 

5 2 (5n 5(0,1)) < 2tt 

(3.4) " 

(or equivalently H 2 (E n 5(0, 1)) = 2tt, see near (3.5)). 

Then E = P n 5(0,1). 

In the rest of the section, we suppose that E is a set that verifies all the hypotheses in Theorem 

3.1. 

First notice that p (E) = P^n 5(0,1), because E C 5(0,1) and p {E) D P^D 5(0,1). As a result 

J? 2 (£)=ff 2 (£nB(0,l)) = 2, 

= H 2 (pi n 5(0, 1)) + 5 2 (P 2 n 5(0, 1)) = H\pl(E)) + H\pl{E)). 

Compare with (2.36), and observe that here by Lemma 2.14 we can take A = 1, we have that all the 
inequalities in (2.36), and hence also in (2.32), arc in fact equalities. This means that 

(3.6) for almost all point x G E, \pl(T x E)\ + \pl(T x E)\ = 1, or equivalently T X E e P(S), 
and 

(3.7) for i = 1,2, for almost all z G p (E), N(p Q , z) = ^p^ 1 {z) n E} = 1. 

Now we are going to use these two conditions and Lemma 2.17 to get useful local properties of the 
set E. 

First of all, since E n 5(0, 1) is a reduced minimal set in 5(0, 1), we know that for all x G E, there 
exists a bi-H61dcr ball B(x, r) C 5(0, 1), and in 5(x, r) the set E is bi-H61der equivalent to a minimal 
cone C x (c.f. Theorem 1.32). The cone C x is a blow-up limit of E at x. 

On the other hand, all that we know generally for a 2-dimensional minimal cone C is that its 
intersection with the unit sphere S — C n 95(0, 1) is a finite collection of great circles and arcs of 
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great circles. Every great circle is disjoint from the rest of S; at their ends, the arcs meet by set of 
three, with 120° angles, and in particular no free ends exists (c.f.[5], Proposition 14.1). Hence each 
endpoint of any of these arcs is a one-dimensional Y point of the net S. Thus if a minimal cone is 
not the union of several transversal planes, its intersection with the unit sphere contains at least a Y 
point. As a result, there exist Y points in C arbitrarily near the origin, since C is a cone. 
This discussion yields the following. 

Lemma 3.8. There is no point of type Y in E n B(0, 1). 

Proof. If x G E is a point of type Y, then it means that the (unique, by Theorem 1.35 and Remark 
1.36) tangent cone C x is composed of 3 closed half planes {Pi}i<i<3 which meet along a line D passing 
through the origin. Denote by Qi, 1 < i < 3 the plane that contains Pj. In this case we claim that 

(3.9) at least one Qi doesn't belong to P(S). 

In fact, if we denote by v the unit vector generating D, then there exist three unit vectors Wi, 1 < 
i < 3 such that Wi _L v, Qi = P(v A Wi), and the angle between any two of the Wi is 120°. 

If Qi P (S), then the claim (3.9) holds automatically. Suppose that Q\ e P(S), and hence 

v A W\ G S. Then by Lemma 2.17, there exist unit vectors Vj,Uj,j = 1,2 with Vj G Po, u j € Pq, 

vi _L v 2 , U\ _L U2, and a £ [0, |], such that 

(3.10) v = cosa V\ + sina m, Wi — cosa v 2 + s'ma u 2 - 

But then since Uj ,Vj,j = 1,2 generate R 4 , there exists a, b, c, d € M with a 2 + & 2 + c 2 + d 2 = 1 such 
that w 2 = a«i + bv 2 + cui + du 2 . Therefore 

|Po(Q2)| + |Po(Q 2 )| = \A 2P l{vAw 2 )\ + \ A 2 pl{vAw 2 )\ 

(3.11) = |6cosa| + |dsina| < (b 2 + d 2 )^ (cos 2 a + sin 2 a)s 

= (& 2 + d 2 )5 <1. 

So if we want Q2 belong to P (S), all inequalities in (3.11) should be equalities, therefore 6 2 +g? 2 = 1, 
and b : d = ±cosa : sin a. As a result, (b,d) — (± cos a, ± sin a), a 2 + c 2 = 0, and hence w 2 = ±u>i 
or ±(cosaw 2 — sinau 2 )- 

Notice that angle between w\ and w 2 is 120°, so there are only two possibilities for a, which are 

If a = |, then wi = + ^r u 2 and w 2 = \v 2 — ^u 2 . But the argument above holds also for 
W3, so we have w 3 = w 2 , which contradicts the fact that the angle between w 2 and w 3 is 120°. 
The situation is the same for a = |. 
Thus we have proved the claim (3.9). 
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Now suppose for example that Qi £ -P(S). Then since P(S) is closed in G(4, 2), there exists an 
open set f7 C G(4, 2) that contains Qi such that U n P(H) = 0. 

As we said, Y is a cone with the full-length property. Hence by the theorem of G 1+Q -regularity 
for minimal sets (c.f. Theorem 1.35), there exists r > such that B{x, r) C 5(0, 1), and in B{x, r), E 
coincides with the image of C x +x of a G 1 homeomorphism ip from M 4 to K 4 (recall that C x = uf =1 Pj). 
Denote by P = <p{Qi). Then the map T : R -> G(4, 2), T(x) = T X R is continuous. As a result T _1 (f/) 
is open. Denote R + = if(Pi). Then T _1 (f/) n ¥? _1 (P+) 7^ 0. sincc it contains a;. Therefore T _1 (f/) 
is relatively open in R + . But i? + is a G 1 manifold with boundary, whose boundary (p(D) is of zero 
measure, so R + n T^ 1 (U)\f(D) is of positive measure. Now for every y e R+ n T^ 1 (U)\<p(D), 
T y R = T y E P(S), thus we have found a set of positive measure and all of its point do not satisfy 
(3.6); this gives a contradiction. □ 

After this lemma, we will obtain some useful description of the local structure around each point 
x ofE. 

Lemma 3.12. For each x e E n B(0, 1), every blow-up limit of E at x is either a plane belonging to 
P(H), orP Q . 

Proof. Suppose that X is a blow-up limit of E at x, suppose also that x = for short. First we claim 
that 

(3.13) X doesn't contain any point of type Y. 

Suppose this is not true, then there exists p € X such that p is of type Y. Then p is not the origin, 
because otherwise X is of type Y, and hence is of type Y, which gives a contradiction with Lemma 
3.8. 

So p is not the origin. Then since X is a cone, for every r > 0, rp e X is a point of type Y. We can 
thus suppose that ||p|| = 1. Then by our description of 2-dimensional minimal cones (above Lemma 
3.8), there exists < r < | such that in B(p, r), X coincides with a cone Y of type Y centered at p. 

Define d x . r (E, F) = \ max{sup{c%, F) : y e E n B(x, r)}, swp{d(y, E) : y e F n B(x, r)}}, which 
is the relative distance of two sets E, F with respect to the ball B(x,r). Now X is a blow-up limit 
of E at 0, so that there exists s > (large) such that do t 2(X,sE) < where t-i is the constant in 
Proposition 16.24 of [5]. Equivalently, d p ^(sE,X) < |g. 

We want to show that 

(3.14) d Pi r_( s E,X) = d Pt r_(sE,Y). 

Once we have this, we take a point z e sE such that d(z,p) < § x fo> tnen ^.5 (sP, ^ + z— p) < f§. 
Here F + z — pisaY cone centered at z. But s_E is minimal (since E is), therefore Proposition 16.24 
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of [5] gives that sE contains a Y point, and hence E, too. This contradicts Lemma 3.8. Thus we 
obtain our claim (3.13). 

We should still prove (3.14). By definition, 

2 

(3.15) dp^L (sE, X) — - max{ sup d(x, X), sup d(x,sE)}. 

r xesEnB(p^) xexnB(p,^) 

For the second term, we have X (~l B(p, |) = Y (~l B(p, |), and hence 

(3.16) sup d(x,sE)= sup d(x,sE). 

xexnB(p,^) xeYnB(p,^) 

For the first term, we have 

(3.17) d(x, X) = d(x, X n B(p, r)) for all xesEn B(p, T -). 

In fact, since d p ^(sE,X) < for each a; e sE D B(p, |), d(a;,X) < |g x so d(x,A) = d(i,ln 
5(x, |x f)) < d(i,Xn%r)), because B(x, §§ x ^) C B(p,r). On the other hand, XC\B{p,r) C X, 
therefore d(x, X) > cZ(x,X n B(p,r)). Thus we have (3.17), and hence 

sup d(x,X) = sup d(x, X n B(p, r)) 

a;£s£;nB(p,5) x£s_EnB(p,5) 

(3.18) 

= sup d(i,FnB(j),r))> sup d(x,y). 

a;es_EnB(p,§) i£s£nB(p, § ) 

Combining with (3.16) we have 

(3.19) d p .r(sE,X) <d Pi r{ s E,Y). 
A similar argument yields 

(3.20) d p , n{sE,Y) <d p ^(sE,X). 
So we have (3.14), and (3.13) follows. 

Since X is a minimal cone, as we have said before, XndB(0 } 1) is a finite collection of great circles 
and arcs of great circles that meet by 3 with angles of 120°. Then (3.13) implies that there is no such 
arcs, since X does not have Y points. As a result, X n dB(0, 1) is a finite collection of great circles, 
and therefore X is the union of a finite number of transversal planes. 

By Remark 1.36, X is a full-length cone, so the C 1 regularity holds (Thm 1.35). Then by the same 
argument as for Y in the proof of Lemma 3.8, every plane in X belongs to -P(S), since P(S) is closed. 

As a result, if X is not a plane, then X = U" =1 Q„ with Q n e 5 with n > 2. These Q n are 
transversal, by Lemma 2.17. Moreover in a small neighborhood B(x,r) of the point x, the set E is a 
union of n transversal C 1 manifolds S i7 1 < i < n, and the tangent plane to Si at x is Q n . 
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By Lemma 2.17, for all Q e E and Q ^ Pq, there exists s = sq > such that p^(Q n P(0, 1)) D 
Pq n P(0, sq). Hence if X contains two planes Qi, Qj,i ^ j, that are different from Pq, there exists 
s > such that p\{Qi n 5(0, 1)) n Po(Q 2 n 5(0, 1)) D 5(0, s) n Po 1 . Then since the tangent plane to 
Si at cc is Qi and that to Sj at x is , there exists a neighborhood U of (x) which is contained in 
both projections Po(Sj) ano - Po(Sj)- Notice that Si and Sj are transverse, hence Si fl Sj = {x}. This 
yields that each point y e U\pq(x) admits at least two pre-images by pi in P n B(x,r), one is in Sj 
and the other is in Sj, i.e., 

(3.21) (U\{pI(x)}) n Po 1 c {z e Pq 1 , tt{Po _1 M n P} > 2}. 

But t/ is open, so (£/\{Po( x )}) n ^ s °f positive measure, which contradicts (3.7). 

Hence in X, we have at most one plane different from Pq. The same argument gives also that we 
have at most one plane which is not Pq. But X contains at least two planes, therefore X = Pq 1 UPq = 
Po- □ 

Lemma 3.12 says that there exists only two types of blow-up limits in P, and both of them have 
the full-length property As a result, by Thm 1.35, around each point x e P, E is locally C 1 equivalent 
to a plane or to Po- 

The two next lemmas will describe more precisely what happens around each of the two types of 
singularities. We identify R 4 with C x C. 

Lemma 3.22. Let {ei,e2 = iei,e%,e4 — ie^} be an orthonormal basis ofR 4 , with Pq 1 = e\ A e 2 and 
Pq = e3 A e\. Let x G E n P(0, 1) be a point of type P such that T X E ^ Pq. Then there exists 
r = r{x) > such that in B(x,r), E is (under the given basis) the graph of a complex analytic or 
anti-analytic function tp — ip x : Pq 1 — > Pq . More precisely, 

(3.23) P n P(x, r) = graph(ip) n B(x, r). 

We have also a similar conclusion for x such that T X E ^ Pq 1 , i.e., near x, E is the graph of a complex 
analytic or anti-analytic function from Pq to Pq . 

Proof. We will only prove it for T X E ^ Pq. The other case is similar. 

So let x e P be as in the lemma. Assume all the hypotheses in the lemma. Since x is a P 
point, there exists r\ > such that in B(x,r\), E is the graph of a C 1 function ip\ : T X E — > T X E^ 
(c.f. Thm 1.35). If we denote by tt the projection from R 4 to T X E, and define P : E 4 ->• R 2 by 
F(y) = V — ViMj/)) "= PrP 1 " — E 2 for y e B(x, n), then P is C 1 regular, and P n P(x, n) = {y G 
P(x,ri) : P(y) = (0,0)}. As a result, PP(x) is a linear map from R 4 to R 2 , with T^P = KerDF(x). 

By the hypothesis, T X E ^ Pq, hence by Lemmas 3.12 and 2.17, T X E can be represented by 
T X E = P((cosa«i -I- sinaui) A (coscw 2 + sincm 2 )), with a e [0, |), Vi,Ui,i — 1,2 unit vectors, 
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Vi e Pa,Ui e Pq and vi _L u 2 , Ui _L u 2 . In particular, P 2 n KerDF(x) = P 2 n T X E = {0}. This means 
that DF(x)\ P 2 is invertible. Then by the implicit function theorem, there exists r 2 > and a C 1 map 
93 : Pq — > P 2 , such that for every y = (t/i,y 2 ) € Pq 1 x Pa n B( x i r 2), F(y) = 4=> y 2 = <p(j/i). As a 
result, in B(x, r 2 ), P is the graph of : Pq 1 — > Pq . 

We still have to prove that ip is complex analytic or anti-analytic. This will follow from a particular 
property of P(S). 

More precisely, return to the orthonormal basis {ei, e 2 = iei, e 3 , e 4 — ie 3 } with Pq 1 = e 4 A e 2 and 
-Po = e 3 A e 4 . Use Lemma 2.17, and expand each unit vector under the basis; a simple calculation 
gives 

S = {±[ae 1 + be 2 + ce 3 + de 4 ] A [— 6ei + ae 2 ± (— de 3 + ce 4 )], 
a, 6, c, d e K, a 2 + fe 2 + c 2 + d 2 = 1}, 



(3.24) 
and hence 
(3.25) 



P(S) = {P([aei + 6e 2 + ce 3 + de 4 ] A [-bei + ae 2 ± (-de 3 + ce 4 )]), 

a, 6, c, d e M, a 2 + 6 2 + c 2 + d 2 = 1}. 

If T y P = [aei + 6e 2 + ce 3 + de 4 ] A [—bei + ae 2 + (— de 3 + ce 4 )], this means that d<p(y)(a + bi) = 
c + di, dtp(y)(—b + ai) = — d + ci. But dip(y) is (real) linear, and a 2 + b 2 ^ 0, therefore a + bi, —b + ai 
is a basis, and dip(y) is determined by its values at these two points. Notice that = Zt+al ' anc ^ 
denote it by A G C, then we have d(p(y)(z) = Az, which is complex analytic. In other words, 

(3-26) %(y)=0. 

If T y E — [aei+6e 2 +ce 3 +de 4 ]A[— be\+ae 2 — (— de 3 +ce 4 )], a similar argument gives dip(y)(z) = Bz, 
and hence 

< 3 - 27 > S<»>=°- 

So we have proved that </? is a complex C 1 function such that at each point, it is either analytic, 
or anti-analytic. 

Denote by B = B{p 1 (x),r) n Pq 1 , B 1 = {y e B, &(y) ^ 0}. Then B 1 is open, since <p is C 1 . If 
Pi = 0, then ip is anti-analytic. Otherwise, Pi is not empty, and set <? = §f • Then g is continuous on 
P, and Pi = {y <= B : g(y) ^ 0}. Moreover, since g(y) ^ on B 1} (y) = on P^ (since at each 
point </? is either analytic or anti- analytic), and hence <p is holomorphic on the open set Pi, so that 
its derivative g is holomorphic, too. Then conclusion of Lemma 3.22 will follow from the following 
theorem (c.f.[19] Thm 12.14) : 

Theorem 3.28 (Rado's theorem). Let U C C be an open domain, and f be a continuous function on 
U. Set £1 = {z £[/ : f(z) ^ 0}, and suppose that f is holomorphic on fi. Then f is holomorphic on 
U. 
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In fact, we apply the theorem to g, and obtain that g is holomorphic on B. But since B\ ^ 0, 
g ^ 0. As a result Pf = {y g B : g(y) — 0} doesn't have any limit point. Notice that Pf D B 2 := 

e (y) an< ^ ^ 2 1S °P en > so ^ is an open set without limit point. Therefore P 2 = 0, which 

means that ip is complex analytic on B. 

Hence ip is complex analytic or anti-analytic on B = B(p 1 (x), r) n Pq. □ 

Lemma 3.29. If x £ E n P(0, 1) is o/ type P 0; then there exists r = r(x) > such that 

(3.30) EDB(x,r) = (P + x)nB(x,r). 

Proof. Let B(x, r') be a C 1 ball for the point x, in which E coincides with the image of P + x by 
a C 1 function ip : E C\ B(x, r') = <p>((Po + x) n P(x, r')), where i/j is a diffeomorphism and <^(x) = .t, 
P^(x) = Id (c.f. Thm 1.35). Set A { = p(P l + x) D B(x,r'), i = 1,2. Then A; arc transversal C 1 
manifolds, L4i U A 2 ] n -B(x, r') = E n P(a;, r') and Ai n A 2 = {x}. Moreover, the tangent plane to A, 
at the point x is Pq, i = 1,2. In particular, P 1 ( J 4i) contains a neighborhood U of Pq(x) m ■ 

By a similar argument as the one in Lemma 3.22, there exists r 2 < ^ such that in B(x, r 2 ), A 2 is 
the graph of the analytic or anti-analytic complex function ip : Pq + x — > Pq , where ip = p$ o tp on 
Pq + x n P(x, r 2 )). Without loss of generality, suppose that it is complex analytic. 

If ip is not constant, it will be an open map, because it is analytic. Therefore Pq(A 2 ) also contains 
a neighborhood U' of p\(x) in Pq 1 . But A\ n A 2 = {x}, hence for every point y e U fl U'\{pq(x)}, 
pi 1 {y} admits at least two points in E, one in Ai, and the other in A 2 . But U n U'\{pq(x)} is of 
non zero measure, this contradicts (3.7). 

Hence ip is constant. As a result, 

(3.31) ^((P 2 + x) n B{x, r 2 )) = P 2 n r 2 ). 

We can do the same for ^(Pq 1 + x), and we obtain that there exists r < r 2 such that in B(x,r), 
<p{Pq + x) is Pq 1 + x itself. This completes the proof of Lemma 3.29. □ 

Let us sum up a little. The minimal set E has only two types of points : planar points, around 
which the set E is a C 1 (locally analytic or anti analytic) manifold; and Pq points, around which E 
is locally P itself. Hence in fact, 

The set E is composed of countably many transversal C 1 manifolds Si, S 2 , • • • ,<?„,••• . 

(3.32) They are locally analytic or anti analytic, and at any of their intersections, 

E is locally a translation of Po- 

We know that (3.7) holds for almost all z G p\{E). But now let us look at those points x in E 
where the projection is not injective. 
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Lemma 3.33. Suppose that 2/1,2/2 £ E f] B(0,1) are such that pj(yi) = PQ{y 2 )- Then at least one of 
the two yi is such that E coincides with Pq + j/j in a neighborhood of yi . 

Proof. By the argument near (3.21), at least one of the tangent planes T yi E, T y2 E is Pq. Suppose 
T Vl E = Pq for example. Then by Lemma 3.22, there exists s% > such that in B(yi,s\), E is the 
graph of a complex analytic or anti-analytic function (under the basis given before) ip% : Pq — > Pq 1 , 
with ipi(0) = pl(yi),Dipi = 0. 

First, if the tangent plane T V2 E of E at 2/2 is not Pq , then again by the argument near (3.21), 
there exists s 2 > such that B(yx,sx) n B(y 2 ,s 2 ) = 0, and B{pl(y 2 ) 1 s 1 ) n Pq 1 C pl{B(y 2 ,s 2 ) n E). 
Therefore p\{B{y\,si) fl E) is of measure zero, because of (3.7) and p\{yi) = Poivi)- Hence (pi has to 
be constant, otherwise it will be an open map, which means pl(B(yi, sx) D E) contains an open set in 
Pq, which is of positive measure, and thus leads to a contradiction. So in B{yi, Si), E coincides with 
Pq +2/1- (See the picture 3-1 below, the two points on the left.) 
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If Ty 2 E is also Pq, then in B(y 2 , s 2 ), E is the graph of a complex analytic or anti-analytic function 
<fi2 ■ Pq —t Pq- Then at least one of the two <pi,i = 1,2 is constant, otherwise all of them are open 
maps, so that p\(B{yi,si) CI E)) n p\{B{y 2 , s 2 ) n E)) contains an open set in Pq 1 , which contradicts 
(3.7). □ 

Lemma 3.34. If there exists a point in Pq n P(0, 1) whose pre-image by p\ contains more than one 
point in Ef] B(0, 1), then P 2 n B(0, 1) C E. 

Proof. 

Lemma 3.33 says that if there exists a point in Pq 1 l~l P(0, 1) whose pre-image by Pq contains more 
than one point in E, then there exists a piece of Pq above it. Denote this piece by (P5 2 + x) n B(x, r). 
On the other hand, by (3.32), E fl B(0, 1) is composed of at most countably many transversal C 1 
manifolds S%, ■ ■ ■ , Si, ■ ■ ■ , so there exists i such that (Pq + x) n B(x, r) C Si- 
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We claim that Si = (Pq +x) (15(0, 1). So set A = {y g 5, : there exists r = r a > such that 5; n 
5(y, r) = (Pq + y) fl 5(y, r)}. By dehnition, A is open in S$. On the other hand, for any y g A fl S i; 
there exists a sequence y„ g A that converges to ?/. But Si is a C 1 manifold, hence the tangent 
plane T y Si = lim n _ 5 . 00 T Vn Si = Pq. Therefore there exists r > such that in B(y,r), Si is the graph 
of a complex analytic (the anti-analytic case is exactly the same) ip : Pq —> Pq- But ip' = on 
{PoiVn)} U {Po{y)}, which, if y £ A, is a infinite set with a limit point. So ip' = in p^(B(y,r)), 
so that -0 is constant, which yields that y g A. So A is closed. But S", is connected, ^4 is open and 
closed and non-empty, hence A — Si. But Si is a C 1 manifold, so the only possibility is that it is a 
piece of (Pq + x) fl 5(0, 1). However, Sj is both closed and open in (Pq + x) fl 5(0, 1), because A is 
both open and closed in (Pq + x) fl 5(0, 1) by the same argument as above, and Si = A. As a result, 

s, = (P Q 2 + x)n 5(o,i). 

By (3.3), 5j fl 95(0, 1) C E fl 95(0, 1) C P H 95(0, 1), since E is closed. This implies that 
Si = Pq 2 fl 5(0, 1). Hence P 2 fl 5(0, 1) C E. □ 

Remark 3.35. By a similar discussion, if pQ is not injective on E fl 5(0, 1), then Pq 1 fl 5(0, 1) C E. 
Lemma 3.36. The set E contains at least one point of type P . 

Proof. First of all, by Lemma 3.34 and Remark 3.35, if neither of the p l ,i = 1,2 is injective, then 
P Q fl 5(0, 1) = (Pq 1 U Pq 2 ) fl 5(0, 1) C E. In particular, there exists a Pq point. 

Thus if E contains no Pq point, then at least one of the p ,i = 1,2 is injective. Without loss 
of generality, we suppose p\ is injective on E fl 5(0,1), and E contains no Pq point. Notice that 
(3.2) is true for E fl 5(0, 1), and we know that p\(E fl 95(0, 1)) = {0} U (Pq 1 fl 95(0, 1)), hence 
pl(E fl 5(0, 1)) D Pq 1 fl 5(0, 1)\{0}. Hence the injectivity gives 

(3.37) for all z g Pq 1 fl 5(0, 1)\{0}, i{pl~\z) fl 5 fl 5(0, 1)} = 1, 
and 

(3.38) tt{Po _1 (0) HPn 5(0,1)} < 1. 

So there exits ip : Pq 1 fl 5(0, 1)\{0} ->■ P 2 such that E fl 5(0, 1) is its graph. Therefore above 
those points y € E whose tangent planes T y E ^ Pq, ip is locally a complex analytic or anti-analytic 
function (by Lemma 3.22). 

We claim that there is no singular point y g E fl 5(0,1) with T y E — Pq. In fact, if y is a 
such point, then by Lemma 3.22 (recall that we have supposed that E contains no Pq point), in a 
neighborhood B(y,r), E is the graph of a complex analytic or anti-analytic function g from Pq to 
Pq 1 . Suppose Po(y) = for simplicity, hence g'(0) = 0. Then is a zero of g — g(0) of order at 
least 2. Thus in a punctured neighborhood O of 5(0) g C, each point has at least 2 pre-images. So 
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O C {z e Po 1 : (t{Po {zjCiE} > 2}. But O is of positive measure because it is open. This contradicts 
(3.7). 

So there is no singular point for ip, therefore ip is a C 1 function on Pq fl5(0, 1)\{0}, and Pn5(0, 1) 
is its graph. For each point x G Pq 1 fl5(0, 1)\{0}, ip is analytic or anti analytic in a small neighborhood 
of x. Moreover ip is bounded. By the same argument in Lemma 3.22, wc know that ip is globally 
analytic or anti- analytic on any compact subdomain of Pq 1 (15(0, 1)\{0}, hence is globally analytic or 
anti-analytic on Pq n 5(0, 1)\{0}. Suppose it is analytic. Then since ip is bounded around {0}, wc 
can extend ip to Pq D 5(0, 1). But since ip is analytic with tp\dB(o,i) = 0, the graph of ip has to be 
Po 1 H5(0, 1), hence 

(3.39) P n 5(0, 1) C graph{tP) = Pj n 5(0, 1). 

This contradicts the hypothesis (3.3). 

Thus we obtain the existence of a point of type Pq in E. □ 

Proof of Theorem 3.1. Wc know by Lemma 3.36 that E contains a point x of type Pq. By Lemma 
3.29, there exists r > such that El~)B(x, r) = (Pq + x) DB(x, r). But in this case, neither p\ nor p§ is 
injective on PnP(0, 1). Hence by Lemma 3.34 and Remark 3.35, P o n5(0, 1) = (P 1 UP 2 )n5(0, 1) C E. 
But H 2 (E) = H 2 (P n 5(0, 1)), and E n 5(0, 1) is reduced. As a result, E n 5(0, 1) = P H 5(0, 1). 
This completes the proof of Theorem 3.1. □ 



4 Existence of minimal sets 

Now we begin to prove Theorem 1.2. 

Suppose that the conclusion of Theorem 1.2 is not true. Then there exists a sequence of unions of 
2 planes P k = P k Ug k P k C K 4 which are not minimal, with 9 k > \ — \- Moreover, we can suppose 
that all the P\ are equal to Pq. 

Our proof would be simpler if wc could find a sequence of minimizers E/~ such that for each k, E k 
minimizes the measure among all deformations of P k CI 5(0, 1) in 5(0, 1). (We shall call such a set a 
solution of Plateau's problem). It is a standard fact about the Hausdorff distance that we can find 
a subsequence (which we shall still denote by {Pfe} to save notation) such that {Pfc} converges to a 
limit Poo. Since P k n 95(0, 1) = E k n 95(0, 1), and P k n 95(0, 1) -> P n 95(0, 1), we can hope to 
prove that the boundary of Poo is Po H 95(0, 1). Moreover, since each E k is minimal in 5(0, 1), their 
limit Poo has to be minimal in P(0, 1), too (c.f.[4] Thm 4.1). Notice also that (3.2) is true since Poo is 
the limit of a sequence of deformations, we would deduce that Poo = Po n 5(0, 1), by the uniqueness 
theorem 3.1. We could begin our stopping time argument as soon as we got such a sequence. 
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Unfortunately we do not know any theorem which guarantees the existence of a solution of Plateau's 
problem. So we have to work more to get through this. We are disposed of a weaker existence theorem: 

Theorem 4.1 (Existence of minimal sets; c.f. [9], Thm 6.1.7). Let U C K™ be an open domain, 
< d < n, and let $ be a class of non-empty sets relatively closed in U and satisfying (1.17), which 
is stable by deformations in U . Suppose that 

(4.2) inf H d (F) < oo. 

Then there exists M > (depends only on d and n), a sequence (Fk) of elements of and a set E 
of dimension d relatively closed in U that verifies (1-17), such that: 

(1) There exists a sequence of compact sets {if m } m£ N in U with K m C K m+ \ for all m and 
U m£ jvif m = U, such that 

(4.3) lim d H {F k (~l K m , E (~l K m ) = for all m € N; 

h— >oo 

(2) For all open sets V such that V is relatively compact in U , from a certain rank, 

(4.4) Fk is (M, +oo) -quasiminimal in V; 

(see Definition 4-5 below) 

(3) H d (E)<M FeS H d (F) ; 

(4) E is minimal in U. 

Definition 4.5 (Quasiminimal set). Let < d < n be two integers, M > 0, S > 0, let U be open in 
R™. The set E is said to be (M, 5) — quasi minimal in U (Ed QM(U,M,8) for short) if E is closed 
in U, (1-17) is true, and for every deformation tp in U as in Definition 1.11 such that diam(W) < 8, 

(4.6) i? d (£fWi) < Mfl^i^n^i)). 

Remark 4.7. In Theorem 4.1, we can also ask that {Fk} is a minimizing sequence, i.e., limfe_ i . 00 H 2 (Fk) — 
M Fed H d (F). 

Theorem 4.1 is a weaker result, which gives a certain type of minimizer, without preserving the 
boundary condition, and this minimizer may not be in the class either. But for our case, we do not 
need all these strong properties. Some weaker properties are sufficient for us to carry on the proof (as 
we will see soon). 

Recall that P k = U 9k Pf is a sequence of unions of two planes which are not minimal, with 
9k > f — \- Moreover we suppose that all the P^s are the same. Thus P\ = P$. Denote by Pq the 
plane orthogonal to P \ P a = P<$ Uj_ P 2 . Then P k n5(0, 1) converges to P n B(0, 1) for the Hausdorff 
distance. 
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Proposition 4.8. For each k, there exists a closed set E k C -6(0, 1) such that 

(1) E k is minimal in M 4 \[P fe \P(0, 1)]; 

(2) dB(0,l) n E k = dB(0,l) r\ P k ; 

(3) p k (E k ) Dfjfl B(0, 1), where p\ denotes the projection on P k , i = 1, 2; 

(4) H 2 (E k ) < H 2 (P k n 5(0, 1)) = 2tt; 

(5) E k is contained in the convex hull of P k D 5(0, 1). 

Proof of (1) and (4) of Proposition 4.8. Fix a k. Take U = R 4 \[P k \B{0, 1)], and let £ be the 

class of all deformations of P k n 5(0, 1) in U. Then by Theorem 4.1, and Remark 4.7, for d = 2, there 
exists a minimizing sequence of sets F; € 5 that are also uniformly quasiminimal in U, with a uniform 
constant M. Moreover the sequence converges under the Hausdorff distance. Denote by E k its limit. 
Then by the conclusion of Theorem 4.1, the terms (1) and (4) of Proposition 4.8 are automatically 
true. In (4) we have a strict inequality because we have supposed that P k is not minimal. □ 

For (3), we begin by proving the following lemma. 

Lemma 4.9. Let P be a plane in R 4 , and p the projection on P. let ip be a Lipschitz mapping from 
R 4 to R 4 , such that ip\p n B(o.i) c = id. Then 



Proof. We prove it by contradiction. 

Suppose that there exists x <E PnB(0, 1) such that x £ p\ip(PC\B{Q, 1))]. Then x G PnB(0, 1), since 
P n dB(0, 1) = <p(P n dB(0, 1)) C p[ip{P n B(0, 1))] by hypothesis. Then there exists r > such that 
B(x, r) C B(0, 1). On the other hand, P(lB(0, 1) is compact, hence its image p[(p(PC\B(0, 1))] by the 
continuous mappo^ is also compact, such that {p[ip(Pr\ B(0, 1))]} C is open. As a result, there exists 
r' < r such that B(x,r')np[<p(PnB(0,l))] = 0. In other words, ^(PnB(0, 1)) C M 4 \p- 1 [B(a;, r')nP]. 

Define g : R 4 \p^ 1 [B(x, r')nP] p- 1 [dB(0, l)nP] as follows. For x e R 4 \p _1 [-B(0, l)nP], let g(x) 
be the shortest distance projection of R 4 onto p- 1 [5(0, l)nP], and for y e [p" 1 ^^, l)\B(i,r'))nP], 
let be the intersection of p _1 [9_B(0, 1) n P] with the ray [x, y) of end point x and passing through 
y. Then g is continuous. 

Notice that ip(Pr\B(0, 1)) C M 4 \p _1 [P(x,r')nP], hence pogoip is Lipschitz, and sends PnP(0, 1) 
continuously to P n dB(0, 1), with all points of P n dB(0, 1) hxed. This is impossible. □ 

Proof of Proposition 4.8 (3). We know that E k is the limit of a sequence of deformations F t = 
<fi(Pk) of Pfe. Then for each I, we have, by Lemma 4.9, 



(4.10) 



p[#nB(o,i))] dph s(o,i). 



(4.11) 



PiW) ^ PlVfiin n B(o, i))] DPJn s(o, i),» = i, 2. 
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As a result, 
(4.12) 



pi(£7 fc )=>^nB(0,l),i = l,2. 



□ 

We still have to prove (2) and (5) of Proposition 4.8. In fact all we have to do is to prove (5), 
because it says that E k is contained in the convex hull C of P k D B(0, 1), which gives (2). 

Let us verify that E k C B(0, 1). First of all we claim that for each e > 0, there exists N = N(e) > 
such that for all I > N, 

(4.13) F CB(B(0,l)U4e), 

That is to say, Fi is contained in an e— neighborhood of the union of the unit ball and the boundary 
of U. 

In fact, those F\ are uniformly quasiminimal in U, hence are locally uniformly Ahlfors regular in 
U (c.f. [7] Proposition 4.1). This means that there exists a constant C > 1 such that for all I, for all 
x e Fi and all r > with B(x, 2r) C U, 

(4.14) C _1 r 2 < H 2 {Fi f)B(x,r)) < Cr 2 . 

Then if there exists x e Fi such that d(x, B(0, 1) U Pk) > e, we should have B(x, e) C £/, and by 
the Ahlfors regularity, 

(4.15) H 2 (F i ni?( a ;,ie))>(4C)- 1 6 2 . 

Now we deform Fi into B(0, 1) by the radial projection tt on i?(0, 1). Here for each I, Fi is 
a deformation of P k n -B(0, 1) in U, it means that there exists a compact set K C U, such that 
= P k n5(0,l)\X. The compactness of if gives that < d = d(K,dU) = d(K, P k \B(0, 1)), 
and there exists i? > such that if C B(0,R). Set V = B(0, R)\B(P k \B(0, 1), d). Then in V, tt 
is homotopic to the identity map. Now we set w' : U — > B{0, 1) n U, ir'(x) — t(x)x + (1 — t(x))ir(x), 
where t(x) = min{2d(a;, V)/d, 1}. Then tt' is a deformation on U, and tt'\v — Tr\vi which gives 
n'(Fi) = ir(Fi). Hence the set tt(Fi) is a deformation of P k in U. In other words tt{Fi) G J. 

Lemma 4.16. Let E be rectifiable such that E n B(0, 1 + e) = 0. Then 
(4.17) if 2 ^^)) < j^-^H 2 (E). 

Proof. We are going to prove that tt is yq^r-Lipschitz on E, which gives (4.17). 

Denote by 7r e the shortest distance projection on the ball B(0, 1 + e). Then n e is 1-Lipschitz, and 
7r £ (M 4 \S(0, 1 + e)) C dB(0, 1 + e). On the other hand, tt is ^-Lipschitz on dB(0 7 1 + e). So if 
E C M 4 \S(0, 1 + e), then tt = tt o tt £ is pL-Lipschitz on E. □ 
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Let us return to our sets F/. We have B(x, \e) n B(0, 1 + |e) = 0, since a; ^ 5(0, 1 + e), and hence 
H 2 ^)) < H 2 {tt(F{\B(x, \e))) + H 2 (n(F l n P(z, *e))) 



4e + e 2 1 



(4-18) <^-7S^^n5(,,ie)) 



4e + e 2 e 2 



4 + 4e + e 2 4C 
= ff 2 (F0 - ^(e), 

where C(e) > for all e > 0, and C(e) does not depend on I for Z large. 

We know that {F;} is a minimizing sequence, therefore for all e > 0, there exists N > such that 
for Z > iV, 

(4-19) H 2 (F t ) < inf H 2 (F) + \c(e) < H 2 (n(Fi)) + C(e). 

EES 2 

Hence (4.18) is not true, which means that Fi C B(B(0, 1) U Pfc, e) n £/, thus we obtain (4.13). 
As a result, since Ek is the limit of Fi, 

(4.20) F fc C n e B(B(0, 1) U P fe , e) n U C 5(0, 1). 

Lemma 4.21. Let Ccl" fee a closed convex symmetric (with respect to the origin) set with non- 
empty interior. Then for all e > 0, there exists S > and a 1-Lipschitz retraction f of E™ onto C 
such that f is 1 — S-Lipschitz on R n \B(C, e). 

Proof. Denote by || • \\c the norm on E™ whose closed unit ball is C. Then there exists A > 1 such 
that 



(4.22) A" 1 !!- ||c < ||- || < ^||- 



c, 



where || • || denotes the Euclidean norm. 

For all a > 0, set || • || a = || • ||c + a|| • || and C a , b the closed ball of radius b under the norm || • || a . 
Then C ,i = C. Notice that for all x £ E™\{0}, || X\\ a IS ct strictly increasing continuous function of a, 
|| • 1 1 o = II ' lid an d that C ajb is continuous, decreasing with respect to a and increasing with respect 
to b, that is, 

(4.23) C a . b D C a > tb , G af> C C a .y for all a < a', b < b', 

and 

(4-24) p| C Q „, b = p| C a , K =C a , b ; (J C a ^ b = (J C a , K = C a %. 

a^—^a— b n — >b-\- a n —>a-\- b n ^>b— 
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Since the norm denned by C a .b contains a part of Euclidean norm, which is uniformly convex, it 
is easy to verify that 



(4.25) 



for all a, b > 0, there exists a constant M(a, b, A) > 0, such that 

,M(a,b,A)\\x- y\\' 2 ) c C a , 6) 



7T X | y 

for each x,y e dC a . : b with a X:V < -,B( — — »'<■■'■ ' J > 



where a l!S < 7r denotes the angle between Ox and Oy for x,y ^= 0, and B(^ M -, M(a, b, A) \\x — y\\ 2 ) 
denotes the euclidean ball centered at with radius M(a,b, A)\\x — y\\ 2 . 

Now for all e > 0, let w,v be two points in M. n \B(C ay b, e) such that ir a ^(w) = x,7r a f,(u) = y, 
where Ti a ^ denotes the shortest distance projection on the convex set C a ,b- We claim that the angle 
P\ G [0, |] between xw and yx is smaller than arctan 2 M(a b A)\\x-y\\ • (^ ee the picture 4-1 below). In 
fact, denote by P the plane containing x, y and w, denote byzgP the point such that [z, ^P 1 ] -L [x, y] 
and 1 1 jzr — ^±K|| = M(a,6,A)||x - y|| 2 . Then z € C a ,6, [x,z] <E C Q , fc , and 



(4.26) 



tanZzxy = 2M(a, 6, A)||x-y| 



Then if /?i > arctan 2 M(a b A)||x-y|| » we nave ^-wxz < ^ . Denote by s the projection of w on L', 
the line passing through x and z. Then s is between a; and z, or 2 is between x and s. In both cases 
(x, z) n (x, s) =Z 0. Take x' G (x, z) n (.x, s) C C a .fc, then x' £ C a ,b, and Zwsz < Zwx'z. As a result 

(4.27) \\w — x\\ — \\w — s\\/ sinZwxz > \\w — s\\/ shiZwx'z — \\w — x'\\, 

which contradicts the fact that x is the shortest distance projection of uu on C a b- 



w t 








\ M(a, b, A)llx - yll A 2 


z 




L' 










X s 










(x+y)/2 


Ca,b 
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Similarly we can prove that if /3 2 denotes the angle between yv and xy, then /3 2 < arctan 



2M(a,b,A)\\x-y\\- 



Denote by L the line passing through x and y, and pl the orthogonal projections on them. Then 
(4.28) \\w- v\\ > \\pl(w) - p L (v)\ \ = \ \w - x\\ cos P% + \\x - y\\ + \\v - y 1 1 cos /? 2 . 



But w,v € M. n \B(C a ,b, e), hence we have \\w — x\\ > e, \\v — y\\ > e, therefore 
\\w ~ v\\ > IN — 2/11 + 2e cos arctan - - — t — — 

(4.29) 



" s " 2M(a,b,A)\\x-y\\ 
(l + eC(a,b,A))\\x-y\\, 
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with C(a, b, A) > 0. 

Notice that (4.29) is true for all pairs of x, y such that a x<y < \. Hence 7r aif) is locally 1+eC ^ a b A ^y 
Lipschitz on R n \B(C a , b ,e). 

Return to the proof of the lemma. Fix an arbitrary e > 0. Then by (4.23) and (4.24), there exists 
a, b > such that 

(4.30) CcC a , b cB(C a , b ,^)cB(C,e). 

Now denote by ttq the shortest distance projection on C. Denote by / = ire ° "a, 6 for a pah of a, b 
which satisfies (4.30). We want to prove / is the desired map for Lemma 4.21. Since ire is 1-Lipschitz, 
for proving the lemma, it is sufficient to prove that n aib is locally 1 — <5-Lipschitz on M. n \B(C a ,b, § )• 
Then by (4.29), we take 5 such that 1 — 5 = 1+ i eC ( a b A ^ ; an d we obtain the conclusion. □ 

Corollary 4.31. Let E C W l \B(C, e) be a rectifiable set and f be as in the lemma, then 

(4.32) H d {f{E)) < (1 - 5) d H d {E). 

□ 

Now let us return to the proof of Proposition 4.8. Recall that here C is the convex hull of 

ftn5(0,i). 

Proof of (2) and (5) of Proposition 4.8. 

We will prove that 

(4.33) for all e > 0, E k C B(C, 2e). 

If it is not true, i.e. if E k \B(C, 2e) ^ 0, then by Ahlfors regularity, H 2 (E k \B(C, 2e)) > 0. We apply 
Corollary 4.31 to E k \B(C,2e) and the convex set B(C,e), and obtain that there exists a Lipschitz 
map f e of K™ in B(C, e), such that 

(4-34) H 2 (f e (E k )) < H 2 (E k ), 

where f e is as in Lemma 4.21. Then we will get (4.33) if we know that f e (E k ) is a deformation of E k 
in U. 

But we already know that E k C 5(0,1). So W e := {x € E k ,ir f (x) ^ x} is contained in 
B(0, 1)\B(C, e), which is compact and far from the boundary of U. Denote by d(W e ,dU) = d, 
and set 

(4.35) g : R n -> B(C, e), f(x) = t(x)x + (1 - t{x))f e (x), t(x) = min{2d(x, W t ) /d, 1}, 
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then g is a deformation in U, and 



(4-36) g(E k ) = ME k ). 

Therefore, if E k \B(C, 2e) 7^ 0, then g decreases strictly the measure of E k , which contradicts the 
fact that E k is minimal. Hence we have (4.33). But (4.33) is true for all e > 0, hence we have 

(4.37) E k c C, 

from which (5) follows. (2) is a direct corollary of (5). This completes the proof of Proposition 4.8. □ 

Corollary 4.38. For each subsequence {n k } such that E nk converges in B(Q, 1) for the Hausdorff 
distance, the limit is Pq n B(0, 1). 

Proof. Take such a sequence {n k }. Denote by Eao the limit of E nk . We want to apply Theorem 3.1, 
so we should check its hypotheses for E^. 

First, by [4] Thm 4.1, which says that the limit under the Hausdorff distance of a sequence of 
minimal sets is minimal, we know that E x is also minimal in B{0, 1), because each E Uk is. 

Next, (3.2) follows by Proposition 4.8(3) and the fact that E^, is the limit of E nk . 

To verify (3.3), if we denote by C k the convex hull of P k n B(0, 1) (and C the convex hull of 
Po nB(0, 1)), then by Proposition 4.8, E nk C C nk . Since E^ is the limit of E nk , for each m > 0, there 
exists K(m) > such that for all k > K(m), E^ C B(E nk ,±) C B(C n „,±) C Uf =K{m) B{C nk , £). 
We can also ask that K{m) > k(l) when m > I. As a result we have 

(4-39) C n~ =1 U£L K(ro) B (°n k ^) = Go, 

and therefore 

(4.40) n as(o, 1) c Co n ob(o, i) = p n <9B(o, 1). 

On the other hand, since E^ is the limit of the E nk , it contains lim^oo E nk n dB(0, 1) = P n 
0B(O,1). 
Hence 

(4.41) E^ndBio, 1) = p nas(o, 1). 

which gives (3.3). 

For (3.4), Proposition 4.8 (4) gives that that H 2 (E nk ) < 2ir. But i? nfc and E^ are minimal sets, 
by the lower semi continuity of Hausdorff measures for minimal sets ([4] Thm 3.4), 

(4.42) i? 2 (£co n B(0, 1)) < liminf H 2 (E rik n 5(0, 1)) < 2tt. 
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The equality follows from (3.2), and Lemmas 2.27 and 2.14. 
Hence by Theorem 3.1,£ oo =P nB(0,l). 



□ 



Notice that B(0, 1) is compact, hence there exists a subsequence of {E k } that converges. We still 
denote this subsequence by {E k } for short. Then by Corollary 4.38, the limit is Po H B(0, 1). So from 
now on, we will concentrate on this sequence {E k } k> o that converges to P n B(0, 1). 

5 Critical radius 

For our sequence {Ek}, once again, if for each k, Ek is a deformation of Pk, then there should be some 
sort of pinch at the center, because otherwise, the deformation is injective, and Ek is therefore an 
essentially disjoint union of images of P k and P%. But since P k is minimal, i = 1,2, its image always 
has a larger measure than P k , therefore E k is not a better competitor. 

Now since we have to pinch, we know that Ek has to get far away from Pk somewhere, and 
intuitively we have to pay a price for this. In fact, the main issue of the proof is to understand why a 
pinch costs more than all that it could save for us. 

However E k is not necessarily a deformation of P k , so what we said just now is just for giving an 
idea on what we are going to do, that is, to find the place where Ek begins to get away from P k . 

So for e sufficiently small, we want to find a center o, which is not far from the origin, and a scale 
r, such that Ek is er' near some translation of Pk in B(o,r') for all r' > 2r, but is not er near any 
translation of P k in B(o, r). Then this is the place that we are looking for, and r is the critical radius. 

As a result, in the small ball B(o, |r) where the pinch takes place, probably we cannot see very 
clearly what happens, so we only control the measure of Ek by an argument of projection, using 
Corollary 2.45. However, for the part outside the small ball, E k is near the two planes, and hence is 
regular, by the regularity property of minimal sets. So we can treat this part more precisely. And 
finally we will be able to prove that pinching will make us lose more measure on these regular parts 
than that we can gain in the small ball. 

So let's begin by looking for the critical radius in this section, by a stopping time argument. 

For each, k e N and i = 1, 2, set 



(5.1) 



C i k (x,r) = (pi)- 1 (B(0,r)nPl)+x, 



where p\ is the orthogonal projection on PI 



and 



(5.2) 



D k (x,r) = Cl(x,r)nCl(x,r). 
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So C k (x,r) is a cylinder and Dk(x,r) is the intersection of two cylinders. It is not hard to see that 
D k (x,r) D B{x,r) and D fc (0, 1) n P fc = fl(0, 1) n P fc . 

We say that two sets E, F are er near each other in an open set U if 

(5.3) d r .u(E,F) <e, 
where 

(5.4) d riU (E, F) = ^ max{sup{d(y, F) : y £ E n U}, sup{%, E) : y e F n U}}. 

We set also 

d k X!r (E,F)=d riDk{x , r) (E,F) 

(5.5) x 

= - max{sup{d(y, F) : y <E E Ci D k (x, r)}, sup{d(y, E) : y E F C\ D k {x, r)}}. 
Remark 5.6. VKe should be clear about the fact that 

(5.7) d rU (E,F) ^-d H (EnU,FnU). 

r 

To see this, we can take U = D k (x,r), and set E n — dD k (x,r + i) and F„ = dD k (x,r — i). XTien 
we raaue 

(5.8) d* r (£„,F„)^0 
and 

(5.9) -d H (£„nI>kfor),F n nI>k(a;,r)) = -d H (£7„ n L> fe (x, r), 0) = oo. 

So d rj [/ measures rather how the part of one set in the open set U could be approximated by the other 
set, and vice versa. However we always have 

(5.10) d k xr (E,F)<-d H (EnD k (x,r),FnD k (x,r)). 

r 

Now let us recall that {E k } is a sequence of sets as in Proposition 4.8, with 9 k > | — |, which 
converges to P H B(0, 1). 

Proposition 5.11. There exists e > 0, such that if e < e , then for all k large, there exists r k e]0, ^[ 
and o k <E £?(0, 12e) such that E k is 2er k near P k + o k in D k (o k ,2r k (l — 12e)), but not er k near P k +q 
in D k (o k ,r k ) for any q £ K 4 . 

Remark 5.12. We will also use the construction for information about intermediate scales in the 
proof. 
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Proof. 

We fix e and k, and set = 2~ % for i > 0. Set D(x, r) = D k (x, r), d x>r — d k XT for short. 
We proceed in the following way. 

Step 1: Denote by qo = qi = O, then in D(qo, so), Pfe is eso near Pfe+qi if A; is large, since _Efc — > Po 
and P k — > Po and hence do, 1 (Pfe, Pfe) — > 0. 

Step 2: If in D(qi, S\) E k is not esi near P k + q for any q, we stop; if not, there exists a q 2 such 
that Ek is esi near Pk + q 2 in P(gi,si). Here we also ask that e be small enough (say, e < y^) so 
that q 2 € P(<7i, 2 s i) ; thanks to the conclusion of step 1. Then in D(qi,si), we have simultaneously : 

(5.13) d quSl (Ek, Pk + qi) < s^d q0iS0 (E k ,P k + qi ) < 2e ; d 9liSl (E k , P k + q 2 ) < e. 

Let us verify that (5.13) implies that d qi i Si (P k +qi, Pfe +92) < 12e when e is small, say, e < In 
fact, for each z e P(9i, 5S1) H (Pfe + 91), we have d(z, E k ) < d qo ^ So (E k , Pk+qi) < e, hence there exists 
y £ Ek such that d{z,y) < e. But since z € P(gi, 5S1), we have y € D(qi, gSi + e) C D(gi,si), and 
hence d(y,P k +q 2 ) < s^ 1 d qi . Sl (E k ,P k + q 2 ) < 2e, therefore d(z,P k + q 2 ) < d(z , y) + d(y , P k + q 2 ) < 3e. 

On the other hand, suppose z e P(9i, |«i) n (Pfe + q 2 ), we have d{z,E k ) < s^ 1 d qiSl (P k + 
92,Pfc) < 2e, hence there exists y e Pfe such that d(z,y) < 2e. But since z € P(9i, 5S1), we have 
y e P(9i, 3S1 + 2e) C D(g ,s ), and hence d(y,P k + 171) < d q0tSo (E k ,P k + 91) < e, which implies 
d(z, Pfe + 91) < d(z, y) + d(y, P k + qi) < 3e. 

As a result 

(5-14) d 9i i Si (P £ + gi ,Pfe + < ?2 ) < (i^)- 1 x3e = 12e, 

hence d 9l; 1^(91,92) < 24e, and therefore d{q\ 1 q 2 ) < 6e = 12esi. 

Now we define our iteration process (notice that it depends on e, so we also call it a e-process). 
Suppose that all {qi}i< n have already been defined, with 

(5.15) d( 9j ,g i+ i)<12s i e=12x2- < e 
for < i < n — 1 , and hence 

(5.16) d( qi , qj ) < 24es min(iij) = 2" min W) x 24e 

for < i,j < n, moreover for all i < n — 1, Pfe is esi near Pfe + 9j + i in D(qi,Si). We say that the 
process does not stop at step n. In this case 

Step n+1 : We look at the situation in D(q n , s n ). 

If E k is not e near any P k +q in this ball of radius s n , we stop, since we have found the o k = q n , r k = 
s n as desired. In fact, since d(q n -i,q n ) < 12es„_i, we have D(q n ,2s n (l — 12e)) = D(q n ,s n -i(l — 
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12e)) C D(q n _i, s„_i), and hence 

d, n ,2 a „(i-i2 e )(-Pfc +q n ,E k ) < (1- 12e) _1 d 9ri _ 1 , ;Sri _ 1 (P fe + q n ,E k ) 



(5.17) 

< 



1 - 12e 
Moreover 

(5.18) d(o fc ,0) =d(g n ,9i) < 2- min ( 1 <") x 24e = 12e. 

Otherwise, we can find a g„ + i e M 4 such that is still es„ near + g n+ i in D(q n ,s n ). Then 
since e is small, q n +i € D(q n , |s n ). Moreover we have as before d(q n +i,q n ) < 12es„, and for i < n— 1, 

n n 

(5.19) c%,g n+ i) <^%,^ + i) < 12 x 2_Je ^ x 24e = 2- min ( i '™ +1 ) x 24e. 

Thus we have obtained our q n +\. 

Now all we have to do is to prove that for every e small enough, this process has to stop at a finite 
step. For this purpose, we are going to estimate the measure of E k . So we need the lemma below. 

Lemma 5.20. There exists eo > 0, such that for all e < eo, k large enough, and for every n such that 
the e— process does not stop before n (which means in particular that there exists q n € B(q n _i, |s„_i) 
such that E k is es„_i near P k + q n in D(q n _i, s n -i) ), 

(5.21) E k n (D(0, l)\D(q n , s n )) = U F 2 
where F^ 7 F 2 do not meet each other. Moreover 

(5.22) PI n (£>(0, l)\D(q n , s n )) C pi(Fi) 

where p k is the orthogonal projection on P k ,i — 1,2. 

We will prove a more general version of this lemma in the next section (Proposition 6.1 (2)). So 
let us admit it for the moment. 

Since H 2 (E k ) < 2n, there exists n k > such that 

(5.23) inf H 2 (P k \D(q,s nk )) > H 2 (E k ). 

Then our process has to stop before step n k , because otherwise by the above lemma, we have the 
disjoint decomposition 

(5-24) E k = [E k n D(q nk , s nk )\ W F„\ W F 2 k , 

and hence 

H 2 (E k ) > H 2 {Fl) + H 2 {F 2 nk ) > H 2 [pl(F^)]+H 2 [p 2 (F 2 k )] 

(5.25) 

> H 2 (P k \D(q nk ,s nk ) > H 2 (E k ). 
This is impossible. □ 
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6 Projection properties and regularity of Ek 



As we have said in the previous section, the next step is to give some useful properties of E k , including 
the regularity for the flat part of Ek out of the small critical ball, and the surjectivity of the projections 
of Ek inside the ball. This is the main aim of this section. It gives also the proof of Lemma 5.20. 

We are sorry that the proof for (3) and (4) of Proposition 6.1 is surprisingly painful. We have to 
derive the property from the geometric construction of the proof for Theorem 4.1, which is already 
complicated. But we did not find any easier proof. 

So let us first state the main proposition that we will prove in this section. 

Proposition 6.1. There exists e > 0, such that for all e < e and k large, if the e— process does not 
stop before the step n, then 

(1) E k n (-Dfc(0, §§)\-Dfc(<7n, Yo s n)) is composed of two disjoint pieces G l ,i — 1,2, such that: 

(6.2) G l is the graph of a C 1 map g* : D fc (0, ^)\D k (q n , ^s n ) H P l k -> P^ 
with 

(6.3) HV^Hoo < i; 

(2) (A more general version of Lemma 5.20) for every j^s n <t<s n , 



(6.4) E k n (D fc (0, l)\D k (q n ,t)) = G\ U G\ 



where G\ , G\ do not meet each other. Moreover 

(6.5) PI n (D fc (0, l)\Cl(q n ,t)) c pl(Gl) 

where p\ is the orthogonal projection on P%,i = 1, 2; 

(3) for each ±s n < t < s n , there exists a sequence {Fp(t) = fp(t)((P k + q n ) H D k (q n ,t+ }))}i>i 
of deformations of (P k + q n ) n D k (q n ,t + \) in D k (q n , t + \), with 

(6-6) fP(t)((Pk + q n ) n dCl(q n ,t + y)) C dCi(q n ,t + y), 

that converge to E k fl D k (q n ,t) in D k (0, 1); 

(4) the orthogonal projections p k : E k (~) D k (q n ,t) — > P k f\ Cl(q n ,t),i = 1,2 are surjective, for all 

lQ S n — t — Sn- 

In order to prove (1) we will apply a regularity theorem on varifolds. First we give some useful 
notations below. 

G(n,d) is the Grassmann manifold G(R n ,d); 
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for every T e G(n,d), we denote by ttt the orthogonal projection on the d-plane represented by 

T; 

for every measure v on M n , 9 d {v,x) = lim r ^o V a(d)r* ^ ^ nc exists) is the density of v on x, 
where a(d) denote the volume of the d-dimcnsional unit ball; 

V d (R n ) denote the set of all d-varifold in E™, i.e. all Radon measures on G d (E n ) = E" x G(n, d); 

for each V G V d (R n ), is the Radon measure on E™ such that for each A C E™, ||F||(A) = 
V(G d (R n )n{(x,S) :xe A}); 

S(V) denotes the first variation of V, that is, the linear map from X(R n ) to E, defined by 

(6.7) SV(g) = J Dg(x)-n s dV(x,S) 

for g G X(E"). Here £(E n ) is the vector space of all C°° maps from R n to R n with compact support. 

In our case, we are only interested in rectifiable varifolds. In fact, with each d— rectifiable set E 
we associate a d— varifold, denoted by Ve, in the following sense : for each BcR"x G(n, d), we have 

(6.8) V E (B) = H d {x:{x 1 T x E)eB}. 

Recall that T X E is the d-dimensional tangent plane of E at x, it exists for almost all x G E, because E 
is d— rectifiable. Then ||Ve|| = H 4 \e- Moreover, the density 6 d {\\ Ve\\, x) exists for almost all ie£ 

Theorem 6.9 (c.f. [1] Regularity theorem at the beginning of section 8). Suppose 2 < d < p < oo, 
q = Corresponding to every e with < e < 1 there is r/ > with the following property: 

Suppose 0<i?<oo, 0</j<oo, Fg V d (E"), a G spt||V|| and 

1) 9 d {\\V\\,x) > nfor \\V\\ almost all x G B(a,i2); 
2; ||V||B(a,i?) < (1 + 77)^(^)^5 

5; SV(g) < T)iJ,pR^(f\g\ q ii,\\V\\)* whenever g G £(E n ) and spt g C B(a,R). 
Then there are T G G(n,d) and a continuously differ entiable function F : T — > E n , sucft i/iai 
7r T o F — It, 

(6.10) < e(|y - z|/i?) 1_ p whenever y, z G T, 
and 

(6.11) B(a, (1 - e)i?) n spf||F|| = B(a, (1 - e)i?) n ima.ae F. 

Remark 6.12. In i/ie theorem, since ttt ° F = It, we can see that F is in fact the graph of a C 1 
function f, defined by f(t) = n T ±F(t), with t G T, 7r T i ffce orthogonal projection on the orthogonal 
space T- 1 o/T. Moreover \\Df{t)\\ < \\DF(t)\\ for all t G T. 

2) If E is a locally minimal set, then Ve is stationary, i.e. SVe = 0. Hence the condition 3) is 
automatically true. In fact if we set gt{x) = (1 — t)x + tg(x), then 

(6.13) 5V E (g) = ^-H d (g t (E n sptg)), 
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which can be deduced from the area formula. Thus if E is minimal, 5Ve = 0. 

Proposition 6.14. For all n > d > 0, there exists e\ = ei(n,d) > such that the following is true. 
Let E be a locally minimal set of dimension d in an open set U C W l , with U D 5(0, 2) and € E. 
Then if E is e\ near a d— plane P in B(0, 1), then E coincides with the graph of a C 1 map f : P — > P 1 - 
in 5(0, f ). Moreover ||V/||oo < 1- 

Proof. We will prove it only for d = 2. Proofs for other dimensions are similar. 

First let us verify the conditions in Theorem 6.9, with a = 0, R = 1, n = 1, T} < jq, and e small, to 
choose later. 

1) Since E is minimal, for each x G E, the density of E at x is at least 1, hence 1) is true. 

2) We know that E is ei near a 2-dimensional affine plane P in 5(0, 1), and H 2 (P n 5(0, 1)) < 
a(2) = it. Then by Lemma 16.43 in [5], we can choose ei (which depends on e, since n depends on e) 
such that 2) is true. In particular 

(6.15) H 2 (B(0,l)nE)<^ir. 

3) comes from the minimality of E, by Remark 6.12 2), with any p > 2. 

Then when p is sufficiently large, by Theorem 6.9, there exists a plane T and a C 1 map F from T 
to R 4 such that in 5(0, 1 — e), E coincides with the image of F, and 

(6.16) \\DF{y) - DF(z)\\ < e(\y - zl/R) 1 ^ < (IfSe < 2e 

for all y,z e F~ 1 (E n 5(0, 1 - e)). 

Notice that for each y e F~ 1 (E n 5(0, 1 - e)) C T, DF(y)(T) is the tangent plane of E at F(y). 
Thus (6.16) means that the tangent planes of E do not vary a lot in 5(0, 1 — e). 

Now denote by Q the plane parallel to P (the plane in the statement of Proposition 6.14) and 
passing by the origin, it the projection on Q, and it' the projection on Q . We claim that for each 
y e T such that F(y) G 5(0, 1 - e) and each u G T y 5 = DF(y)(T), 

(6.17) IK(u)||> j||«||. 

In fact, if (6.17) is not true, then there exists y G F^ 1 (E D 5(0, 1 - e)) and u G T y E such that 
||7r(u)|| < Denote by t = DFiy)- 1 ^) G T, then 

(6-18) \\n(DF(y)(t))\\< 3 -\\DF(y)(t)\\. 
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By (6.16), for all z e F^ 1 (E n B(0, 1 - e)), 

\\n(DF(z)(t)\\ < \\wo(DF(z) DF(y))(t)\\ + |br o 
<26||t|| + ?||DJ\i,)(t)|| 

(6.19) < 2e||t|| + 3 -\\DF(y)(t) - DF(z)(t)\\ + l\\DF(z)(t)\\ 

<2e\\t\\ + 3 r \\t\\ + 3 -\\DFm)\\ 

= \e\\t\\ + \\\DF(z)(t)\\- 
But ttt o F = It implies that for all t € T, 

(6.20) ||r>^)(t)||>||7rroD^)(t)|| = ||t||, 
therefore 

(6.21) \\n(DF(z)(t)\\<( 7 -e+l)\\DF(z)(t)\\. 
So when e is sufficiently small, we have 

(6.22) \tfoDF(z)(t)\\>±\\DF(z){t)\\ 

for all z e F-^nBfO.l- e)). 

Set ei = 7r' o DF(0)(t)/\\iv' o DF(0)(t)|| a unit vector in Q. Then we have 

(6.23) <e 1 ,DF(0)(t)» 1 -\\DF(0)(t)\\. 
Then for all z e E" 1 ^ n B(0, 1 - e)), still by (6.16) and (6.20), 

< e u DF(z)(t) > =< e u (DF(z)-DF(0))(t) > + < e u DF{Q){t) > 

>< e u DF(0)(t) > -|| < ei, (£>F(z) - DF(0))(t) > || 
>^||DF(0)(t)||-26||t|| 

> i[||£>F(s)(*)|| \\(DF(0) DF(z))(t)\\] - 2e\\t\\ 

> ll\\DF(z)(t)\\ 2e\\t\\] - 2e\\t\\ > l\\DF(z)(t)\\ 3e\\DF(z)(t)\\ 

> l\\DF(z)(t)\\. 

As a result, if we take z e F^ 1 (E n dB(0, 1 — e)), such that z = Xt with A > 0, we have 

< e u F(z) -F(0) > =< ei, f DF(sz)(t)ds >= [ < e x ,DF{sz){t) > ds 

Jo Jo 

(6-25) > £ l\\DF(az)(t)\\da - \ £ \\DF(sz)(t)\\ds 

> 1 -\\F(z)-F(0)\\= 1 -\\F(z)\\= 1 -(l-e), 
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which implies that when ei , e are sufficiently small, there exists no translation Q + x of Q (including 
P) such that B i(Q + x,E) < e\. Contradiction. 

So we have (6.17). In other words, Dir is always injective in E (~l 5(0, 1 — e). Then by the implicit 
function theorem, for all a; € EC] 5(0, 1 — e), there exists r x > and g x : Q —> Q such that in 
Tr~ 1 [B(Tr(x),r x )r\Q]r\ B(x,2r x ), E coincides with the graph of g x on B(tt(x), r x ). Moreover by (6.17) 

(6.26) ||Vfc(a:)|| < 1. 
Next let us verify that 

(6.27) n(E n 5(0, 1 — e)) D Q n B(0, ^). 

Recall that E is e\ near a plane P parallel to Q in 5(0, 1), hence E n 5(0, 1) C 5(P, ei) and 
d{0,P) < ei, therefore d(Q,P) < ei. Hence E n 5(0, 1 - e) C 5(Q, 2ei), such that 50 95(0,1-6)) C 
B(Q,2e), and therefore 

(6.28) for every x e E n 95(0, 1 - e)), ||7r(x)|| > ^/(l - e) 2 - (2e) 2 > 

But by Theorem 6.9, ED 5(0, 1 — e) is a topological disc, hence by a topological argument similar 
to that of Lemma 4.9, (6.28) gives tt(5 n 5(0, 1 - e)) D 5(0, f ) n Q. Thus we have (6.27). 

Now let T be a connected component of F := E n 5(0, 1 - e) n 7r _1 (5(0, |) n Q). Then it is both 
open and closed in F. But we know that Dtt(x) is injective for all x € 5, so n is an open map, such 
that 7r(r) is open in 5(0, |) fl Q. On the other hand, we claim that 7r(r) is also closed in 5(0, |) (~1 Q. 
In fact, suppose that {x n } C 7r(r) is a sequence of points that converge to a point Xoo € 5(0, |) n Q. 
For each n, take i/„ef such that n(y n ) = x n . Then {y n } C T, which is compact, hence the sequence 
{y n } admits a limit point j/oo C T. Therefore we have ir(y 00 ) — x^. We want to prove that y^ e T, 
hence we look at T\T. Since T is closed in F = E n 5(0, 1 - e) n ^"^5(0, f ) n Q), 

r\r c e n a[5(o, 1 - e) n 7r _1 (B(o, - A ) n Q)] 

(6.29) , 

= 5 n {[95(0, i - e) n ^-^5(0, 5) n Q)] u [^(Tr-^sco, n Q)) n 5(o, 1 - c )]}. 

We know that the distance d(dB(0, 1 - e) n n- 1 (B(0, f ) n Q),Q) > ^{1 - e) 2 - (|) 2 > - 2e, 
and d(P, Q) < d(0, P) < ei, since e Q and e 5. As a result, 

(6.30) d(95(0, 1 - e) n 7r~ 1 (5(0, 5) n Q), P) > ^ - 2e - Cl > ei 

when e and ei are both small. Then the hypothesis says that for each y e E C\ 5(0, 1), rf(y, P) < ei, 
hence [E n 5(0, 1)] n 95(0, 1 - e) n ir- 1 (B(0, f ) n Q) = 0. As a result, F C E n 5(0, 1) does not meet 
95(0, 1 - e) n ^-^5(0, |) n Q). On combining with (6.29), 

(6.31) F\r C 9(tt- 1 (5(0, 5) n Q)) n 5(0, 1 - e). 
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But after the hypothesis, ^(j/oo) = £ B(0, |) n Q, hence t/oo ^ d(n 1 (B(0, |) n Q)). Therefore, 
Voc & r\r. Hence € T, and thus x^ £ 7r(r). 

So ?r(r) is also closed in 5(0, |) HQ. As a result, 7r(r) = B(0, \ ) n Q. 
Now we claim that 

3 3 

(6.32) 7T : T -> B(0, -) n Q is a covering space of Q n B(0, -). 

In fact, since 5 is compact, the continuous map n : E — > Q is proper, such that for each x € Qn_B(0, |), 
7r _1 (x) (IT is a finite set. Denote this set {yi, •• • ,J/jv}- Then by the conclusion before (6.26), for each 
1 < i < Af, there exists r,- > such that in 7r _1 [-B(x, r^) nQ]fl , 2^), T coincides with the graph 
of a map gj : Q — > Q- 1 on B(x,rj) n Q. Set r = minj-r^, then 7r _1 r) n Q] contains the finite 
disjoint union of these gj(B(x, r) n Q), 1 < j < N. On the other hand, for each y £ tt~ 1 (B(x, r) fl Q), 
take a connected component 7 of tt^ 1 (B(x, r) n Q) such that y £ J, then by an argument similar to 
the one for T on B(0, |) fl Q above, 77(7) D B(x,r) n Q , in particular, there exists 1 < j < A such 
that yj £ 7. But in this case we have 7 = gj(B(x,r) n Q), hence y € gj(B(x,r) n Q). As a result, 
7T _1 [B(x, r) n Q] is just a finite disjoint union of gj(B(x,r) n Q),l < j < iV, and on each of theses 
pieces, n is an homeomorphism of B(x,r), where (6.32) follows. 

But Q fl B(0, |) is simply connected, T is its connected covering space by n, hence w has to be a 
homeomorphism. Then by the conclusion around (6.26), T is the graph of a C 1 map from Q to Q 
whose gradient is of L°° norm less than 1. In particular, the measure of V is larger than the measure 
of 5(0, |) n Q, which is ^7T. 

Now denote by Ti, ■ ■ ■ ,T n , ■ ■ ■ all the connected components of F = E(1B(0, l-e)n7r _1 (.B(0, |)n 
Q), the measure of each I\ is larger than ^7r. Then if there exists more than one 1^, we have 

(6.33) H 2 (E n B(0, 1)) > H 2 (E n B(0, 1 - e) n 7r _1 (B(0, 7) n Q)) > 2 x -^tt = |tt, 

4 16 8 

which contradicts (6.15). 

Thus E n B(0, 1 - e) n 7r _1 (B(0, f ) n Q) is a trivial covering space of Q n B(0, |). Combine 
with (6.27), 71-- 1 : B(0, f ) n Q -> £ n B(0, 1 - e) n 7r _1 (B(0, f )) is a C 1 map, which coincides with 
g x around tt(x) for each x £ E n B(0, 1 — e) n 7r _1 (i3(0, |)), and hence ||Vff||oo < 1- Now set 
/ = g o 7T : P n 7r — * (.6(0, f ) -S- E n 5(0, 1 - e) n n- 1 (B(0, §)). Thus since P is parallel to Q, we get 
the desired conclusion. □ 

Remark 6.34. For d = 2, n = 4, we can also get the same result by Theorem 1.15 of [6], without all 
those complicated concepts such as varifolds, etc. 

Corollary 6.35. There exists ei > such that if k is large enough, E is a locally minimal sets in a 
domain U C R 4 , Dk(0, 1) C U, and E is ei near a plane P in Dk(0, 1), then in D/-(0, 5); E coincides 
with the graph of a C 1 map f : P — > P^ . Moreover \\VfWoo < 1. 
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Proof. When k is large enough, we have D k (0, \) C P(0, §) C P(0, 1) C D k (0, 1). Then if E is ei 
near a plane P in Dfc(0, 1), this implies that E is t\ near P in P(0, 1). Thus by Proposition 6.14, in 
5(0, |), E is the graph of a C 1 map C 1 / : P -> P 1 -, with H/H^ < 1. Therefore in D fe (0, §), too. 

□ 

Now fix a large enough k, and denote by D(x,r) = D k (x,r) 7 C l (x,r) = C l k {x,r) for i = 1,2, and 
d — d fe 

Proof of (1) of Proposition 6.1. 

Since k is large, P k is very near Pq, there exists < £3 < j^j (which does not depend on k for k 
large), such that for all e < e 3 , if x G K 4 and P is any set such that d x ^ r {E, P k + q) < e, with gel 4 
and d(x, q) < 20er, then in D(x, r)\D(q, jj^r), E is the disjoint union of two pieces E 1 , E 2 , such that 
in D(x,r) minus a small hole, E 1 is near P^ + q, but far from Pj* + q, and vice-versa for E 2 . More 
precisely, 

(6.36) E* c B((Pl + q)n D(x, r)\D(q, ^r), er) 

and 

(6.37) 

In particular, 



rf(P(p! n £>(*, r)\D(q, ^r), er), B(P 2 n D(ar, r), er)) > ^r; 
d(P(P fe 2 n £>(*, r)\D(g, jigr), er), B(P£ n £>(*, r), er)) > i r . 



(6.38) d(P\P 2 ) > ^r. 

Take eo = min{ ^£3, 10~ 5 }. Then for every e < eo, if the e-process does not stop before the 
step n, Ek is es„_i near Pk+q n in D(q n -i, s„_i). Fix this n, and denote by g = g„, x = q n -i,r = s„_i 
for short. Then since e < e 3 , 

(6.39) P fc n D(x, r)\D(q, ^r) is the disjoint union of E X ,E 2 such that (6.36)-(6.38) hold. 
For each y e E 1 f] D(x, r - ±r)\D(q, ±r) = E 1 n D(« n -i, f§s„_i)\P(g„, ^s„), 

(6.40) rf,i r (£t, P fe + g) < 40e < ei, 
where by definition, 

d i r (E k ,P k + q) = T^max{sup{ d (z, P fe + g) : z e E k DD(y, ±r)}, 

(6.41) 40 

sup{d(z, Pfe) : z G Pfe + g n £>(y, ^r)}}. 

For the second term, 

(6.42) sup{d(z, Pfe) : z e (P k + q) n P(y, ^r)} > sup{d(z, E k ) : z e (Pfe 1 + g) n D(y, ^r)} 
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since P\ C P k ; for the first term, notice first that 
(6.43) 



sup{d(z,P k + q) : zeE k nD(y,±r)} 



= sup{d(z, (P k +q)n D(y, + er)) : z e P fe n D(y, ±r)} 

since we already know that d j_ r (E k , P k + q) < 40e, which implies that for each z £ E k n D(y, jF.r), 
there exists w € P k + q such that d(z, w) < er. Set W = {w e P k + q, d(z, w) < er}. Then 

(6.44) d(z,P k + q) = d(z,W). 
For all w e W, 

we (P k + q)n D(y, ±r + er) C (P k + q) H D(y, + ^r) 

(6.45) C (P fe + g)n P^YD^^r) 

= [(Pi +q)n D(x, r)\D(q, ^r)] U (P 2 + g) n D(z, r)\P>(g, ^r). 

Then w has to belong to (P^f + q) n P(a;, r)\D(q, j^r), because otherwise 

(6.46) z e B(w, er) n£ t C P((P, 2 + g) n P(x, r)\D(q, ^r),er) n P fe = P 2 
by (6.36) and (6.37), which contradicts the fact that z £ E 1 . Hence 

(6.47) d(z, P k +q) = d(z, W) > d(z, Pi + q) for z € E k n ^r), 
therefore 

(6.48) sup{d(z, P fe + q) : z e E k n D(y, ^r)} > sup{d{z, P^+^^e^n £>(y, ^r)}. 
Add (6.42) and (6.48) together we obtain 

(6.49) d Vyhr {E\Pl+q)<d mhr {E\P k + q) < 40e < ei. 

Now P^ + g is a plane, hence we can use Corollary 6.35, which gives 

go for each y e P 1 n £>(*, |r)\£>(g, |r), in D(y, ^r), 

Pfc is the graph of a C 1 map /„ : P^ 1 -> P^ with \ \Vf y \ \ < 1. 

But E k nD(y, g^r) = E 1 HD(y, g^r), which implies that around every point y e P 1 nP(a;, |gr)\£>(g, ^r), 
P 1 is locally a C 1 graph on P^. 

Let us verify that in P(x, ^r)\D(q, ^r), E 1 coincides with the graph of a C 1 map on the whole 
Pi, whose gradient is of norm L°° less than 1. However we have already our small local graph 
near every point, with small gradient, so we only have to show that the projection p\ : E 1 — > 
Pi n C\x, §r)\C\q, ir) is bijcctive on P 1 n D(x, |r)\P»(g, ^r). 
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Surjcctivity: Set A = p\{E 1 ){^C 1 {x 1 ^r)\C 1 (q, ^r). Then A is non empty. We are going to show 
that A = Pi n C\x, %r)\C\q, if). 

First A is closed in P£ n C 1 (x, |§r)\C 1 (g, ^r), since E 1 is compact in D(x, %r)\D(q, ^r). 

But A is also open, because if z G A, then there exists y G E 1 n P(a;, |gr)\-D(g, ^r) such that 
Pfe(y) = z - Thus by (6.50), we know that B(z, g^r) fl P£ C A. Hence A is open. 

Notice that P^nC 1 ^, §r)\C 1 (g, ^r) is connected, hence A = P/nC 1 ^, |§r)\C 1 ('7, ^r), which 
gives the surjectivity. 

Injectivity: Suppose p\ is not injective. Then there exists 2/1,2/2 G P 1 n P(x, f§r)\.D(<7, go?") such 
that p\{yi) — p\{y2)- In other words 

(6.51) ft-ifte^ 1 . 

We know that in I?(j/i, §g?"), P 1 is a graph, hence 2/2 & D{yi, g^r). In other words, |t/i — j/ 2 | > g^ r - 
Hence there exists at least one point between 2/1,2/2 whose distance to Pi +q is larger than j^r > er. 
This gives a contradiction with (6.48) and the fact that d(z, Pk + q) < rd Xjr {E}-, Pk + q) < cr. 

Therefore p\{q) is injective. Denote by f 1 the map defined on Pi fl C 1 (a;, ^ + ^)\C 1 (q, ^ — ^) 
and which coincides with f y on every B{p\(y), ^r) fl P^ ; then in P 1 n P(x, |gr)\D(g, ^,r), E 1 is the 
graph of/ 1 with I IV/ 1 1 |oo < 1. 

By a similar argument we obtain also that E 2 fl D(x, j^r)\D(q, ^r) is the graph of a C 1 map / 2 , 
which sends P|nC 2 (x, ||r)\C 2 (<7, T^r) in P^ . Recall that D(x, r) = D(q n _i, s n _i), and by replacing 
E l by £7*(n), / l by / l (n), we can obtain our graph P l (n) = /' {n){P l k i^C l {q n -i, §§s„_i)\C l (<?„, ^s„), 
on condition that the e process does not stop at the step n. But of course if it does not stop at step 
n, it docs not stop at any step before n neither. Therefore for all j < n, we have decompositions of 
E k n D(q j _ 1 , ^s j _ 1 )\D(q j , ±sj) as disjoint unions 

39 1 

(6-52) E k n D{ qj _ u -a^Diqj, -a,) = E (j) U P 2 (j), 

and 

39 1 

(6.53) E>(j) is the graph of g\ 3 ) on P\ n C*(<&_i, -s^)\C\q h - Sj ). 

We can easily verify that if j,; are such that a; G P£n[C*(^_i, 3§Sj-i)\C*(^ ■, j^ Sj )]n[C l (qi-i, %s^i)\C l (qi, j^si)], 
then .g 4 (j)(z) = 9 l {l){x) G P J (j) n £*(/). Hence set 

3Q 1 1 

fl * : i^n£>(0,-)\I>( P i(g n ),- an )^^ ; 

(6.54) 40 10 

= 9 l U)(x) on P^ n Ptefe-i), ^-1) W fe fe), - Sj ), 1 < j < n ; 

then HV^Hoo < 1, and its graph is G* - [Uj? =0 £fy')] n D(0, §)\D(q n , lg n ). 

Thus all we have to do is to show that G^G 2 are disjoint. This is equivalent to saying that 
for < j,l < n, P 1 ^) n P 2 (Z) = 0. This is true for j = I, so suppose that j < I. Then for 
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all point x G E 1 ^) there are two cases: either x £ D{qi_\, |gS;_i)\£)(g;, j^si), either not. In the 
second case, x £ E 2 (l) automatically because E 2 (l) C £>(<7;_i, ||s;_i)\D(g/, in the first case, 

x e £7 fc nD(gi_i, f§s;_i)\£>(g i5 ^s,) = E^UE^t). Then £>(g,_i, Si_i)\£>( % _i, ^s^) ^ implies 
that Z - j < 4. 

But x e implies that d(x,P% + qj) > ggSj-i because of (6.37). Hence 

(6.55) d(x, Pi + qi) > ^8j-i - d(qj,qi). 

While by (5.16) we have d(q h qi) < 24e x 2- min (^') = 24e x 2~i < ^s^-i, hence 

(6-56) d{x, Pi i gi )>^H> 2 4 > c«,_i, 

therefore x ^ E 2 (l), because of (6.36). 

Hence for all < j, I < n, E 1 ^) n E 2 (l) = 0, therefore G 1 f) G 2 = 0. Thus we complete the proof 
of(l). □ 

Proof of (2) of Proposition 6.1. Since E k is e near P k in D(0, 1), we can see that n 
D(0, 1)\D(0, j^p) is the disjoint union of two pieces E 1 , E 2 which satisfy (6.36)-(6.38). By (1), we know 
that in D(0, §§)\-D(g„, jqS u ) E k is composed of two disjoint graphs G 1 , G 2 on P^DC 1 (0, |§)\C 1 (g„, ^js n ) 
and Pf n C 2 (0, §)\C 2 (g„, ^s„) respectively. Then for ^s n < t < s„, G\ = E l U G l \D(q n ,t), hence 
(6.4) is true. Moreover, since G l , i = 1,2 are graphs, we have 

39 

(6.57) P i(G*\D(q n , t)) DP l k n D(0, ^ftC^.i), 

therefore (6.5) is also true if we replace Z?(0, 1) by D(0, ||), because G l \D(q n ,t) C G|. 
So we just have to prove 

3Q 

(6.58) PZnD(0,l)\D(0,-)cpi(Gl) 

We prove it for i = 1 for example. We know that P fc is e near P fc in Z)(0, 1). Hence by (6.36), 
(6-59) E 2 c B(P 2 n D(0, 1)\D(0, ^), e) C P(P 2 , ^) 

However when fc is large, we have p£(P| n D(0, 1)) C P fe x n D(0, |), and therefore 
(6-60) p^jc^nflfO^). 
On the other hand, we know that 

(6-61) p^nfltoijjcPinfltoi) 

hence we have 

(6-62) pUe^e 1 ) = pl[E 2 U (E k n £>(0, ^))] C D(0, J) n P, 1 . 
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By Proposition 4.8, p\{E k ) D P£ n 23(0, 1), so we get that 



rft^D^n 23(0,l)\23(a 



1, 



(6.63) 
Therefore 

(6 64) pl(Gl)=pl(Gi\D( qn ,t))U P l(Ei) 

d [p, 1 n 13(0, §)\D(q n ,t)] u [p, 1 n 23(0, i)\d(o, i)] = P \ n 23(0, i)\£>(<z„,t), 

where (6.5) follows for i = 1. The proof for i = 2 is similar. 



□ 



Now let us deal with (3) and (4). First of all we give a small remark. In fact all we want is 4), i.e., 
the surjectivity of the projections, to estimate the measure of E k for the part where we do not know 
much about its structure. Notice that by the proof of Theorem 4.1, we know that E k is the limit of a 
sequence {Hi} of deformations of P k in U — M 4 \[p t ,\P(0, 1)]. Hence in E the projection p\ of E k is 
automatically surjective on 23(0, 1) n P k . Next we look into 23(0, |), since E k is near P k , the part of 
E k \D(0, |) which is near P^ has no projection in P(0, \) fl P£, and the part of E k \D(0, |) which is 
near P^ has a very small projection on P k , and this projection is very near the origin, hence we can 
say that outside a small ball, say 23(0, j^j), the projection p\ from E k n 23(0, g) to P^ is surjective 
on P^ fl P(0, ^)\23(0, y^q). However in 23(0, jgg), we can not say directly that the projection of E k 
comes from E k n 23(0, §), because part of it may come from the part near P%. (Picture 6-1 below may 
give an idea). 



\ 




D{0,1/100) 



6-1 

Therefore the idea to prove 4) is still to prove that E k fl 23(0, |) is the limit of a sequence of 
deformations of P k n P(0, |). In other words, we can contract the part outside 23(0, |) into 23(0, |). 
This part is very flat and regular, hence intuitively such a contraction will not change essentially the 
structure of E k in 23(0, |). 

Here we still have to say, if E k is itself a deformation of P k and is very near P k , then wc can easily 
contract the part E k \D(0, |) to E k n <923(0, |), just like we contract an annulus to the interior circle, 
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because Ek\D(0, ^) is roughly composed of two pieces of C 1 graph on Pj:\D(0, |), thanks to (6.2). 
Then next we can carry on the same operation in P(0, |), if Ek is still near some translation of Pk 
m D(0, \). At last, we will arrive at the scale where the e— process stops. Hence we can say that 
Ek H D(q n , t) is a deformation of Pk, too, because it is a deformation of Ek- 

However Ek may not be a deformation of Pk . Hence we will use the fact that Ek is the limit of a 
sequence of deformations {Hi}, and we want to apply the argument above to prove that Hi n D(0, |) 
is a deformation of Pk H Z?(0, \). But this time, Hi is not minimal, hence we cannot use (6.2) to say 
that Hi n dD(0, \ ) is a very regular curve, and therefore it is not that easy to manage to contract Hi 
directly on Hi n dD(0, \). 

Then what we are going to do is, first use the shortest distance projection tt to project Hi on 
D(0, \). Then the points of H t \D(0, \) are sent by tt to dD(0, \) (but the image is not Hi n &D(0, \) 
anymore). To continue to project n(Hi)\D(q 2 , \) in D(q2, \), we use the fact that Tr(Hi)\D(q 2 , \) 
is composed of two disjoint pieces near Pi + q 2 and P^ + q 2 respectively. To guarantee this, by the 
argument before (6.36), n(Hi) should be £352 = ^£3 near Pk + q 2 . For the part inside P(0, |), there 
is no problem, because the e— process does not stop here. However for the part on the boundary 
dD(0, g), things are complicated because this part contains the projection of the Pq\P(0, ^), which is 
2e 3 s 2 near Pk + q 2 , not e 3 s 2 near it. But luckily we can manage first to do a contraction in dD(0, |), 
to contract everything near Pk + q 2 , without moving points inside D(0, |). Thus we make things more 
complicated, but at last we can still carry on with the proof. 

After all these, we can prove the surjectivity of projections of Ek fl D(q nj t), since it is the limit of 
a sequence of deformations. 

Now we begin to concretize the above idea. 
Proof of (3) and (4) of Proposition 6.1. Fix a jQS n <t<s n . 

We know that for all j < n, in every D(qj_i, sj-i), Ek is esj-\ near Pk+qj, because the e— process 
does not stop on step j. Then set E k is the limit of Hi, hence we can suppose that I is large, so that in 
every D(qj_i, Sj-\), Hi is 2eSj_i near Pk + qj, for all j < n. By definition of e , we have 2e < 2e < £3, 
hence (6.36) and (6.37) give that in D(qj_i, Sj-i)\D(qj, j^Sj-i), Hi is the union of two disjoint pieces 
Ht,H? with 

(6.65) Hi C B(F fc + ft -nD( 3 j_M,-_i)\%, 3^5^-1), 2er). 

We will construct our deformation P™ by recurrence on j < n. 

For j = 1, define 7Ti : Hi — > D(qi, si) the shortest distance projection from M 4 to D(qi, si). Notice 
that although Hi n D(qi,s\) is 2esi near P^ +q 2 in D(qi, s\), -K\{Hi\D{q ll s\)) is not necessarily 2es\ 
near P\ + q 2 in D(qi,si). Therefore we will modify it a little, to be able to continue decompose it 
into two disjoint pieces that verify some conditions similar to (6.36)-(6.38). 
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By (6.36), in D(0, l)\D(qx, si), Hi is the union of two disjoint pieces H},Hf, where H\ is very 
near P|, so we have 



(6.66) 



7n(fl?) n D(0, l)\£>(gi, si)) C dC\q uSl ) n 2e) 



As a result, the image by tt\ of each P; outside D(qi, si) is contained in the cylinder C l (qx, si), and 
also contained in a very small neighborhood of the plane P|. I.e., it is contained in a 3-dimensional 
thin band around P^ f~l dC l (q\, s±). In particular, it is far from the boundary dC 3 (q\, s±) for i j. 
Therefore we can define g± on ni(Hi) by 



(6.67) 



9i{x) 



x ; x £ D(qi,8i) ; 
g\{x) ; x e d&iqusi). 



where g\ is the orthogonal projection on P(P^ + q2, 2esi). 

It is clear that for all points x £ Hi n D(qi, s\) C wi(Hi), neither 7Ti nor can move it, since in 
D(qi, Si) Pj is 2esi near P^ + q2- Hence the action of g\ is just to press all points on the boundary 
dCl(qi, Si) into a 2s!£ neighborhood of PI, without leaving the boundary. Then g x is 2-Lipschitz 
(locally 1-Lipschitz). Set h\ = g\ o m, then hi is 2-Lipschitz, and moreover hi(H{) C D(q±, si) is 2esi 
near P^. See Picture 6-2 and 6-3 below. 6-2 is the set, Hi, and in 6-3 we give the image of Hi after 
hi. 



m [(Hi) n D(0, 1)\D(qi , si )] 




ac 1 (qi,si) 
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6-2 




6-3 

Now we have defined hi in D(0, 1) = D(qo,so), which deforms Hi into D(qi,si) and keeps the 
image 2esi near Pk + q2 . But /ii is 2-Lipschitz and is defined on a compact set Hi, hence we can 
extend it on the whole M 4 . Still call the obtained function h\. Then it is still 2-Lipschitz. 

Now suppose that for j, we have constructed a 2-Lipschitz deformation hj which deform Hi into 
D(qj, Sj) and whose image is 2esj near + in D(qj, sj). If j < n — 1, then we can define TT-j+i the 
shortest distance projection to D(qj + i, Sj+i), and then similarly we project all point on the boundary 
of C l (qj+±, Sj+i) into the 2es J+ i neighborhood of + qj+2- Denote this projection by gj+i, and set 
hj+i = gj+i o 7r J+ i o hj. Then /ij+i is a 2-Lipschitz deformation that maps Hi in D(qj+i, Sj+i) and 
its image is esj+i near Pfe + qj+2 in D(qj + i, Sj + i).Thus we obtain our hj+i. 

Therefore by recursion, we can define the hj until h n -\. 

Now for each I, we will define a deformation h n (l), which will deform Hi into D(q n ,t+ f). Denote 
by the shortest distance projection on D(q n ,t + j), and for x e C\q n ,t + j)\C n (q rll t), set 

g l n (l)(x) = (id,g z ) o p l k o p n (l), where is as in (6.2). Then we define the deformation h n (l) of 
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P fe n D(0, 1) as follows. For x e P k C) D(0, 1): 
(6.68) K(l)(x) = 



K-i(x), K^ix) eD(q n ,t) ; 

sginQ) ° K-i{x) + (1 - s)ft n _i(a:), h n -i(x) e dC n (q n ,t + \s). 



Then we can see that h n (l)(P k ) n D(q n ,t) = H t H D(q n ,t), and h n {l)(P k ) n dD(q n ,t + j) = 
E k DdD(q n ,t + j). Between D(q n ,t) and dD(q n ,t+ i) the image of /i n (Z) is the image of a homotopy 
between 7?; and Then since iJj converges to F"(t) = h n {l){Pk) converges to n t) when 
Z goes to infinity. 

Denote by a;(t) the affine deformation which sends P k H S(0, 1) to (P fc + q„) n D(q n ,t + \), and 

set 

(6.69) /,"(*) = MO 

Then = ff(t)((P k + q n ) n ~D(q ni t + \)) verifies all conditions in (3). 

The condition (4) is an immediate corollary of (3). In fact we know that is a deformation 

of (P k + q n ) n D{q ni t+j) which sends dC l (q n ,t) in dC t (q n ,t), hence 

(6.70) Pl(F?(t))DP l k nCl(q n ,t+ 1 1 ). 

Therefore since E k r\D(q n , t) is the limit of P"(i), each projection p| is surjective from E k r\D(q n ,t) 
to P* nCl(q n ,t). □ 



7 Argument of harmonic extension 

In this section we will give some fundamental estimates on the measure of the graph of a C 1 function 
on an almost concentric annulus. One can easily skip this section and admit these estimates, and 
continue the proof of Theorem 1.2 from the beginning of the next section. 

Proposition 7.1. Suppose < r < \ and u € C 1 (9P(0,r ) nR 2 ,M). Denote by m(u ) = 
Then for all u G C 1 ((B(0j)\B(0, r )) n M 2 , R) that satisfies 

(7-2) u\dB(0,r o ) = "0 

we have 

(7.3) / \Vuf>-r^( \u -m(u )\ 2 . 

J B(0,l)\B(0,r o ) 4 JdB(0,r ) 
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Proof. 

Let u be a C 1 function as in the statement of Proposition 7.1. We define u G C((B(0, ^)\£>(0, r ))n 
M 2 ,K), which is also C 1 except for on dB(0, 1), by 



u(x), x€B{0,l)\B(0,r ); 
<wl x em±)\B(0,i). 



(7.4) u{x) 
Then we have 

(7-5) I |Vu| 2 = 2 / 

-'-B(0,-!-)\B(0,rn') JB^ 



|Vw| 2 , 



'B(0,i)\B(0,r o ) JB(0,l)\B(0,r o ) 

because i i-» ^ is a conformal map, which docs not change Dirichlet's energy. 
Now since u satisfies the boundary condition 

X 

(7-6) u(x)\ dB (o, ro ) = u (x), u(x)\ dB(0 j_ } = "0(732), 

its Dirichlet's energy J B ^ Q 1 ) \g( r ) l^^| 2 i s n0 l ess than that of the harmonic function v satisfying 
the same boundary condition. So we are going to calculate Jg( j_) \b(o ro ) l^ w l 2 - 
We write 

00 

(7.7) u(r , 6) = u {9) = m(u ) + ~^^{A n cosnO + B n sinn#), 

n=l 

and set 



v. S(0,^)\S(0,r )^M, 
(7.8) 00 00 

v(r, 6) = m(u ) + a n {r n + r~ n ) cosnO + b n (r n + r~ n ) sinn<9. 

n— 1 n— 1 

Then v is harmonic. 

The boundary condition 

x 

(7-9) "(a;)|aB(o,ro) = M%), v(x)\ dB(0 > i ) = u ( |-p) 

gives that 

(7.10) a„(r " + r "™) - A„, 6„(r£ + r "") = £„. 

For estimate Vv, write 

00 00 

v(r,6) = m(u ) + ^a n (r n + r~ n ) cosnd + ^b n (r n + r~ n )smn8 

1 1 

00 



(7.11) = m(u ) + V — — (A n cos n0 + B n sin nO) 

1 r o+ r o 

OO 

=: m(u ) + ^2v n (r, 9). 
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It is not hard to verify that we can differentiate v term by term. Hence we have 



(7.12) = J2n(r n +r- n )(-a n sinnd + b n cos nd) 



de 

n=l 



and 



(7.13) = ^^(r™- 1 -r-"- 1 )(a„cosn0 + 6„sinn6»). 



dr 

n=i 



Therefore 
(7.14) 

ivy |2 ,^|2 , I 1 dv 2 

= XX (r 2 "~ 2 + r" 2 ™" 2 ) (a 2 + fe 2 ) - \ ^ n 2 (a 2 cos 2n9 - b 2 n cos 2n6» + 2a n b n sin 2n<9) 

n n 

+ nm(r n -V ro - 1 + r-' , - 1 r- m - 1 ) 

n<m 

{a„a m cos(n — m)0 + a„6 m sin(m — n)9 + a m b n sin(n — m)9 — b n b m cos(n — m)9} 

n<m 

{a„a m cos(n + m)9 — b n b m cos(n + m)9 + a n b m sm(n + m)9 + b n a m sin(n + m)9}. 
Note that for n 7^ to and to, n > 1, 



(7.15) 



therefore 



/ cos(n — m)9d9 = / sin(n — m)9d9 = / cos(n + m)9d9 
Jo Jo Jo 

p2tt / i 2-7r pItt 

= I sm(n + m)6d6 = I cos 2n6 d6 = I sin 2n9 d9 = 
Jo Jo Jo 



i-2-k 

(7.16) / |V«| 2 ^ = 27r^n 2 (r 2 "- 2 +r- 2 "- 2 )( a 2 +6 2 ), 

Jo 



hence 



f-2tT 

> 2 d9 



[ \Wv\ 2 = f r ° rdr [ \Vv\ 

JB(0,±)\B(0,r o ) Jr Jo 

1 

(7-17) = [ r ° rdr-27rJ2n 2 (r 2n - 2 +r- 2n - 2 )(a 2 l + b 2 n ) 

J r <> n 

= 2nJ2n(a 2 n + b 2 n ){r^ r ")(r " + r ""). 

n 

But for r < | and n > 1, we have 

(7-18) ro n -r5>i(r? + ro n ) 
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and hence 



(7.19) 



/ \Vv\ 2 >2n^n(al + bl) 1 -(r^ + r^f 

J B (0 i)\S(0,r ) " 1 

= ^n(Al + Bl)>nJ2(A 2 n + B 2 n ). 



But 

r 2w 



(7.20) ^ A2 n + B D=o \uo(0)-m(u o )\ 2 d9=-r^ / M*) - m(«o)| 2 <fc. 

„ =1 2 ^0 1 JdB(0,r o ) 



Therefore 



(7.21) f \Vv\ 2 >\r^ ( \u Q (s)-m(u )\ 2 ds. 

JB(0,i)\B(0,r ) 2 JdB{0.r a ) 



Now return to the function u. We have 



/ |V.| 2 = \ I \Vu\ 2 

JB(0,l)\B(0,r ) ^B(O,i)\B(0,r o ) 

(7.22) 

> 1 / |V«| 2 > V 1 / |«o(a) - m( Uo )| 2 ds, 

where the conclusion follows. □ 



Corollary 7.23. Let r > 0, q e M 2 be such that r < \d{q,dB{Q, I)), suppose u e C 1 (dB(q,r ) n 
M 2 ,IR), and denote by m(uo) = 5^ Jas(<? r ) M ° ^ s avera 9 e - 
Then for all u e ^((5(0, l)\%r ))nR 2 ,E) t/iaf satisfies 

(7-24) u las(g,r ) = u 

we /iai)e 

/• 1 /• 

|ito - m(u )\ 2 . 



(7.25) / |V«| 2 > W f 

J B(0,l)\B(q,r Q ) 4 



dB(q,r ) 

Proof. 

Set i? = d(q, dB(0, 1)) < 1, then r < \R and B(q, R) C 5(0, 1). Thus we can apply Proposition 



7.1 to B(q, R)\B(q,r ) and by substituting y = ^—2 



/ |V,u| 2 dx = / |4v y u| 2 i? 2 dy 

J B(q,R)\B(q,r ) J B(0,1)\B(0,%) « 



= / \V v u\ 2 dy>-{-) I \u-m(u )\ 2 dy 



since ^ < g- -But 



(7.27) / | U -m( Uo )| 2 dy= / |u - m( Uo )| 2 (4)^ 

JdB(0,^) JdB(q,r ) K 
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hence 

(7.28) / \V x u\ 2 dx > ^r^ 1 / \u - m(u )\ 2 dx. 

J B{q,R)\B(q,r ) 4 J dB(q,r ) 

Now since B(q, R) C 5(0, 1), we have 

(7.29) f \Vu\ 2 > -r^ 1 [ \u-m(u )\ 2 dx. 

JB(0,l)\B(q,r a ) 4 JdB(q,r ) 

□ 

Lemma 7.30. Let < r < 1, and u e C 1 ( B(0, 1)\S(0, ro), M) be such that u|a_B(o,r ) = ^ r o and 
M las(o,i) ~ 0; then we have 

(7.31) / \Vu\ 2 > 

■/S(0,l)\B(0,ro) I logr | 

Proof. 

Set f(r,6) = Alogr with A — t „g ° ■ Then / is the harmonic extension with the given boundary 
value, and 



Hence 



df l2 , 1 1 9/ 2 _ a 2 



As a result 



/ |V/| 2 = / d9 rdr|V/| 2 = 2tt / rdr 

JB(0,l)\B(0,ri,) ^0 Jr J r Q 



( 734 ) ^B(0,l)\B(0,r ) 

„ ,7,, 27T<5 2 rn 

= 2ttA 2 logr = °- 

I log r | 



which gives 

2^ 2 r 2 

/B(0,l)\B(0,r o ) | logr | 



(7.35) f \Vu\ 2 > '" 



since / is harmonic. □ 

Corollary 7.36. For all < e < 1, there exists C = C(e) > 100 sucA t/iat if < r < 1, u € 
C*( B(0, 1)\B(0, ro),K) and 

(7-37) w|as(o,r ) > fr - and u| 9£ >(o,i) < -^r 

(7-38) / |Vn| 2 > e^i. 

■/B(0,l)\S(0,r o ) I logr | 
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Proof. We will use the following lemma: 



Lemma 7.39. Let < r < 1, let f,g be two harmonic functions on B{Q, 1))\J3(0, r), with g\dB(o,i) = 
a < b = g\dB(o,r)> an d f < 9 071 dB(0, 1), f > g on dB(0,r). Then 

(7.40) / |V/| 2 > / |V 5 | 2 . 

J B(0,l)\B(0,r) J B(0,l)\B(0,r) 

Let us admit this lemma for the moment and use it to prove Corollary 7.36. For each C, set 
r = r , f = u, and g such that g\dB(o,i) = ^r , g\dB(o,r) = (1 - ^)^o- Then we get 

(7-41) / |V.| 2 >/ | Vfl |» = (l-|)»^ 

J B(0,l)\B(0,r ) JS(0,l)\S(0,r o ) ° I io g r 1 

and for each e < 1 we can find C large enough such that (1 — ^) 2 > e, thus complete the proof of 
Corollary 7.36. 

Now let us prove Lemma 7.39. Set h = (/ — <?)V(/ + g); then 
(7.42) div/i = |V/| 2 - |V 5 | 2 

since A/ = Ag = 0. Denote by U = B(0, l)\B(0,r), then by Stokes formula: 

/ |V/| 2 -|V 5 | 2 = f tivh= I h-n= f (f-g)0{f + g) 

irj 4 o\ JU JU JdU JdU an 

d .. . /' .. d 



(f-g)j-(f-g) + 2 (/ -g)^g, 

dU dn JdU dn 

where n is exterior unit normal vector. 

For the first term, since k = f — g is harmonic, by Green's formula 

(7.44) / k^k= f (Vft-Vfc) + / (kAk)= f |Vfc| 2 >0. 

JdU ° n JU JU JU 

For the second, by the boundary condition, on dB(0, 1), f—g < and £~g < 0, hence (f — g)£f-g > 
0; similar for dB(0, r), thus we have 

(7.45) Jjf-^^ 
As a result 

(7.46) / |V./f - |V 5 | 2 > 0. 

Ju 

□ 
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8 Conclusion 



After all the preparations in the previous sections, we are going to conclude for Theorem 1.2 in this 
section. 

So fix a e < e . We are going to estimate the Hausdorff measure of Ek for k large enough. 
For each k fixed, we have chosen o k and r k as in Proposition 5.11. Then by Proposition 6.1(1), 
Ek H D k (0, |§)\-D/s(ofe, jQ r k) is composed of two disjoint pieces G k ,i = 1,2 such that (6.2) and (6.3) 
hold, where we replace q n , s n by Ok, r k - Moreover we can also suppose that r k < 2~ 5 , since k is large. 

Proposition 8.1. For all e > 0, there exists < S — 5(e) < e and 9 = 9 (e) < |, that depend 
only on e, and satisfy the following properties. If \ > 9 > 9 (which means 9 — (9i,9 2 ) with 
do < 0\ < 9 2 < § , i = 1,2) and E is minimal in B(0, 1) which is also S near Pg = Pg Lig Pg in 
B(0, 1)\B(0, \), and if moreover 

(8.2) pi(E)DPinB(0,^) 

where p denotes the orthogonal projection on Pq, i = 1,2, then E is e near Pg in B(0, 1). 
Proof. 

We prove it by contradiction. So suppose the proposition is not true. Then there exists e > 0, 
two sequences Si ^ and 9i — > (f , f ), and a sequence of minimal sets Ei in B(0, 1) such that Ei is 
Si near P t = P 0l in B(0, 1)\B(0, ±), and 

(8.3) piiEODPZnBiO,^), 

but Ei is not e near P; in B(0, 1). 

Since Pi converges to Pq = Pq Uj_ Pq, Si — > and e is fixed, there exists a sequence {ai} which 
converges to 0, such that Ei is ai near Pq in P(0, 1)\B(0, |), but not | near Pq in P(0, 1) (because 
Ei is not e near P;, and P; is f near P when Z is large.) 

Modulo extracting a subsequence, we can suppose that {E{\ converges to a limit E^. Then 

e^ n B(o, i)\P(o, \) = Pq n p(o, i)\p(o, §). 

We want to prove that 

3 9 

(8.4) H 2 (E t n D(0, -)) < -7r + toitft ->■ w/ien I -> oo, 

4 8 

where D(x,r) denotes D (x,r) for short. 

In fact, since Ei is very near Pq in P(0, 1)\P(0, |) when Z is large, by the C 1 regularity of minimal 
sets (c.f. Thm 1.35), we know that E t n dD(0, |) = T, 1 U Tf , where T; 1 and rf are two disjoint curves, 
rj is the graph of a C 1 function /ij : n 0£>(O, §) -> P l± , with 

(8.5) H/ijlloo -> 0,fc -> oo ei ||-^-/ij||oc < 1, V/. 
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Now set Dj = (P J n D(0, §)) U Aj, where A] = {{x,y) :i£P 'n 915(0, |),y € [0, ft.f (ar)]}, which is 
just a 2-dimensional thin surface between Pq n dD(0, |) and rj, the graph of ftj. We can also write 

(8.6) Aj = {(x,tht(x)) : xepindD(o,^),te[o,i}}. 

It is not hard to see that D\ is a surface whose boundary is T\, and Z); = U Df contains a 
deformation of Ei in D(0, |). 
Let us verify that 

(8-7) H^ADK^WhWU 



Since h\ is M 2 -valued, the simplest is to use a parameterization. Set g\(x,t) : dD(0, |) x [0,1] 
M 4 ;g\(x,t) = {x,th\{x)), then A\ is its image. And 

(8.8) J^/ = ; = (o,M(*)) 

Therefore 



(8-9) l^x^l^(ll<^F)(l^l^^^f. 
But wc know that < 1, hence 



(8-10) \-^g\ x -g\\ < ^/(l + i 2 )|^| 2 < V2\hj\, 

and therefore 



(8.H) 



^ 2 (^) = / \§Z9\ x t|«7i 

■/9D(0,|)x[0,l] OX Otf 

^(o,|) 



Thus wc obtain 



(8-12) H 2(£,.)<_ 7r+ J^_ 7r||l . J||00 
and 

(8-13) P 2 (A) < gTr + -^-TrdMloo + IIAflU). 

But Ei is locally minimal, hence 

(8.14) ff 2 (P ; n D(0, -)) < P 2 (A) = § 7r + -^-TrflMU + HfeflU). 
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Take 6; = 2^ 7r (H' l ?ll ° ll^fll°o)> thus we get (8.4), since ||/i^||oo + Halloo converges to when 
I — » 00. 

On the other hand, 5; converges to Pq in 5(0, 1)\5(0, \), so we have 

(8.15) E t n (5(0, 1)\5(0, \)) -+ P n (5(0, 1)\5(0, \)) = 5^ n (5(0, 1)\5(0, 

By the lower semi continuity ol Hausdorff measures for minimal sets ([4] Thm 3.4, and recall that E^ 
is the limit of Ei ) 

(8.16) H 2 ^ n 5(0, h) < liminf H 2 {E l n 5(0, 

4 fc-S-OO 4 

So we have 

H 2 ^) = H 2 ^ n (5(0, 1)\5(0, "j)) + tf 2 ^ n 5(0, "j)) 

(8-17) < 5 2 (5 n (5(0, 1)\5(0, ?))) + liminf 5 2 (5 Z n 5(0, ?)) 

4 fc— >oo 4 

= 27r + lim inf 6; = 27r. 

fc— too 

Now by (8.3) and the fact that is the limit of 5/, we know that 
(8.18) p^E^) 3 5^5(0,5). 

By hypothesis, 5/ converges to P in 5(0, 1)\5(0, |), hence 5^05(0, 1)\5(0, §) = 5 n5(0, 1)\5(0, \), 
and therefore 

(8-19) ^(5co) D n 5(0, 1)\5(0, *)) = P* n 5(0, 1)\5(0, *). 

Thus we have 

(8.20) pHe^) d Pi n 5(0,1), 
and 

(8.21) 5oo n 95(0, 1) = P n <95(0, 1) 

because 5/ converges to 5 in 5(0, 1)\5(0, \). Then by Theorem 3.1, (8.17), (8.20) and (8.21) give 
that 

(8.22) E CC =P . 

This is impossible, because Ei is | far from Po- Thus we complete the proof of Proposition 8.1.D 
Now for < 6 = {61,62) with < 61 < 6 2 < § , set, for each x £ M 4 , r > 0, 
(8-23) D e {x, r) = x + {p^W. »0 n 5, 1 ] n rf _1 [B(0, r) n 5 e 2 ]}, 

where 5g = 5 1 U 5| is the union of two planes with characteristic angles 6\ < 62, and denote by p\ 
the orthogonal projection to P$, i = 1,2. Then we have 
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Corollary 8.24. For all e > 0, there exists < 8 < e and < 9q < | , which do not depend on e, 
with the following properties. If 9 < 9 < | , and if E is minimal in Dg(0, 1) and is 8 near Pg in 
Dg(0, l)\Dg(0, |) ; and moreover 

(8.25) P J(E)DPJnB(0,J), 
then E is e near Pg in Dg(0, 1). 

Proof. First observe that there exists < (f> < f such that for all < 9 < <f) we have 

(8.26) B(x, r) C Dg(x, r) C 2r). 

Then for e > 0, take <5 = 8(e) and 9 = max{</>, 6*o(e)}, where 6q(c) and (5(e) are as in Proposition 
8.1. Then if E is 8 near P g in P e (0, l)\ J D e (0. | ) , it is 8 near P e in 5(0, 1)\P(0, §). By Proposition 8.1, 
E is e near Pg in 5(0, 1). Hence E is e = max{<5, e} near P e in P(0, 1)U [Dg(0, l)\D g (0, \)] = Dg(Q, 1). 
□ 

Proof of Theorem 1.2. Take all the notation at the beginning of this section. 

Fix a k large, and denote by D(x, r) = D k (x, r),C l (x, r) = C l k (x, r) for i = 1,2, and d XtT — d x r . 

We know that in D(ok 1 r k ), Ek is not er k near any translation of P k , so by Corollary 8.24, E k is not 
Sr k near any translation of P k in D(o k ,r k )\D(o k , \r k ). However by (6.2), E k DD(o k ,r k )\D(o k , \r k ) = 
[G 1 U G 2 ] n [D(o k , r k )\D(o k , \r k % where G l is a G 1 graph of P* n P(0, %)\D(o k , ±r k ). Hence there 
exists i £ {1,2} such that in D(o k ,r k )\D(o k , \r k ), G l is not 8r k near any translation of P l k . Without 
loss of generality, we can suppose this is the case for i = 1. 

Then denote by P = P k for short, and let g 1 be as in (6.2); then g 1 is a map from P to P- 1 , and 
is therefore from M 2 to M 2 . Write g 1 — ((^1,(^2)1 where : M 2 — > M. Then since the graph of g 1 is 
8r k far from all translation of P, there exists j G {1,2} such that 

(8.27) sup |^(ar) -<^(y)| > \r k 8. 

x,yePnD{o h ,r k )\D{o h ,\r k ) 1 

Suppose this is true for j = 1. Denote by 

(8.28) K = {(z, Vl (z)) : z e (£>(0, ^)\P(o fe , l rfc )) n P}, 
then 

3 

if is the orthogonal projection of G 1 n P(0, -) 

(8.29) 4 

on a 3-dimensional subspace of M 4 . 

For < s < r k , define 

(8.30) T s =KDp- 1 (dD(o k ,s) n P) = {(a;, <£i(z))|a; e dD(o k ,s) n P} 
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the graph of ipi on dD(ok,s) n P. 

We know that the graph of ipi is \5k far from P in D(ok, rk)\D(ok, \fk)'i then there are two cases: 
1st case: there exists t <E [\rk,rk] such that 

(8.31) sup {\tpi(x) - tpi(y)\} > -^r k , 

x, y er t <^ 

where C — 4C(|) is the constant of Corollary 7.36. 

Then there exists a, b <G r t such that \ipi(a) — <pi(b)\ > ^rk > ^t. Since ||V<^i||oo < 1 1 Vy| |oo < 1, 
we have 

(8-32) £ \^ - m(^)| 2 > ^ = (t t5)3{ 4^ } - 

Now in D(0, |) we have d(0, Ok) < 6e < lOe • |, and s < Tk < § < g x I' th ere f° re we can apply 
Corollary 7.23 and obtain 

(8.33) / |VH 2 > G\(5)i 2 . 

J (D(0,|)\D(o fc ,t))nP 

2nd case: for all jTfc < s < rk, 
(8-34) sup ll^^) _^(y)|}< rfe . 

However, since 

\r k 5 < sup{|^i(a;) - <p 2 (y)\ ■ x,y e P n D{o kl r k )\D{o k , -r k )} 
(8.35) 2 4 

= sup{|^i(x) - (p 2 {y)\ ■ s,s' e [-r fe ,r fc ],.T e r s ,y e IV}, 



there existe \rk < t < t' < rk such that 

(8-36) sup {|<Pi(ar) - > ^rfetf. 

£cer t , y er t , ^ 

Fix £ and and without loss of generality, suppose that 

(8.37) sup {<p!(x) - tpi(y)} > \r k 8. 

xer t , y er t , * 

Then 

1 S 2 S 2 S 

(8.38) inf ^(z) - sup Vl (x) > -r k 6-2-r k = (1 - y^)^ > (1 - 

*er t ier t , 2 G G( 5 ) 2 G( 3 ) 2 

because C = 4C(|). 

Now look at what happens in the ball D(ok,t') n P. Apply Corollary 7.36 to the scale i', we get 



; y(|) 2 ^ 

(D(o l ,t')\c(o i ,t))nP ' 2 log j 



(8-39) / |V^| 2 > C(5, 
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Then since j < 4, t' > t, we have 

(8.40) / |V^| 2 >C 2 (<^ 2 . 

J ((D(o k ,t')\D{o k ,t))nP 

In both cases we pose t k = t. The discussion above yields that there exists a constant C (S) = 
min{Ci(5), C2(S)}, which depends only on <5, such that 

(8.41) f |V^| 2 >C (5)4 

J(D(0,%)\D(o k ,t k ))nP 

On the other hand, since |Vy>i| < iVg 1 ! < 1, 

(8.42) y/1 + |V^| 2 > ^1 + i|V^| 2 + ^|V^i| 4 - 1 + J|V^| 2 . 
Hence 

H 2 (K\Ci(o k ,t k ))= f Vl+W^>[ I + ^IV^I 2 

J D(o,%)\ci(o k ,t k )np JD(o,%)\cl(o k ,t k )np 4 

(8-43) >H'((D(0,h\Cl(o k ,t k ))nP))+ 1 - I |V^| 2 

4 4 J D{0,l)\Cl(o k ,t k )nP 

= H 2 ((D(0, \)\Cl(o kl t k )) n P, 1 )) + Co(5)tl 

Then by (8.29) we get 

H^G 1 n D(0, j)\D(o fc ,t fc )) > H 2 (K\D{o k ,t k )) 
(8-44) > tf 2 ^ + 0fc ) n D(0, j)\D(o fc) t fc )) + 

= if 2 ^ 1 n D(0, j)\I>(0,t fc )) + Co(*)t2- 

Thus we obtain an estimate for the regular part of E k . Next for all other parts of E k we will 
control their measures by projection. 

So let us decompose E k . Set F 1 = E k ^D(o k ,t k ), F 2 = G 2 tk , F 3 = Gl k \D{0, §), and F 4 = 
G\ n D(0, |), where G\ is defined as in Proposition 6.1(2). Then F± are disjoint. 

For Fx, by Proposition 2.19 and Lemma 2.27 

(8.45) (1 + 2costf fe (l))tf 2 (F 1 ) > H\p\{Fx)) + H 2 (pl(Fx)), 

where 9 k = (9 k (l),9 k (2)) with 9 k (l) < 9 k (2). (Recall that E k has the same boundary as P k = 
P 1 U 0k P 2 with 9 k > § - I). However since 9 k > § - \, we have 

(8.46) H 2 ( Fl ) > (l-^ipliFx^+H 2 ^))] 
when k is large. On the other hand, by Proposition 6.1(4), 

(8.47) P i(Fx)DPlnCi(o k ,t k ). 
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As a result 

*j 2 ( > h - 



P 2 (P) > (1 - v)H 2 ((P k + o fc ) n D(o k ,t k )) 
(8.48) fe 

> ff 2 ((P fe + o fc ) n D(o fc , t fc )) - ^4 = # 2 (ft n £)(0, t k )) - -t 2 k . 



For F 2 , by Proposition 6.1(2), we have 

(8.49) P l(F 2 )=pl(G 2 tk ) DPln D(0, l)\C 2 (o k ,t k ). 
Hence 

(8.50) H 2 (F 2 ) >H 2 [P 2 nD(0,l)\C 2 (o k ,t k )} = H 2 [P 2 n D(0,l)\D(0,t k )}. 
For F 3 , still by Proposition 6.1(2), and by the definition of F 3 , we have 

(8.51) pI(f 3 ) d pl(Gl k )\pl(D(o, 3 -) d Pi n r>(o, i)\p(o, 

Hence 

(8.52) H 2 (F 3 ) > H 2 (Pl n D(0, 1)\D(0, 
For the last part, the definition of F4 gives 

(8.53) P 2 (F 4 ) = H 2 {G\D{o k ,t k )) > H 2 (P^ n D(0, j)\D(0,t fc )) + C (<5)t|. 
Now we add measures of these four pieces together and get 

H 2 (E k ) = H 2 ^) + H 2 (F 2 ) + H 2 (F 3 ) + H 2 (F 4 ) 

(8.54) r 

>H 2 (P k nD(Q,l)) + tl(C (5)-^). 

Then when k is such that C(S) > ^ , we have 

(8.55) P 2 (P fe ) >ff 2 (ftnu(o,i)), 

which contradicts Proposition 4.8(4). Thus the proof of Theorem 1.2 is completed. □ 

As a final remark, we give two similar theorems below. 

Theorem 8.56 (minimality of the union of n almost orthogonal m— dimensional planes). For each 
m > 2 and n > 2, there exists < 6 < ^, such that if P , P 2 , • • • , P n are n planes of dimension m 
in M. nm with characteristic angles a 13 = {af , a 2 , ■ ■ ■ , a^) between P l and P 3 , 1 < i < j < n, which 
verify < a z f < a 2 < ■ ■ ■ < a 1 ^ < -| for all 1 < i < j < n, then their union U™ =1 P J is a minimal 
cone. 
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Theorem 8.57 (minimality of the union of a plane and a Y set which are almost orthogonal). There 
exists < 9 < | , such that if P and Q are two subspaces of K 5 of dimension 2 and 3 respectively, 
which verify 

(8.58) for all unit simple vectors u e P,v € Q, then the angle between u and v is larger than 0, 
and ifYisaY set in Q centered at the point of P n Q, then the union P U Y is a minimal cone. 

The general idea for the proofs of the two theorems are somehow similar to the proof of Theorem 
1.2. But there are also some non trivial modifications, especially for Theorem 8.57. See [13] for more 
detail of the proofs. We could have continued to discuss one by one that if the almost orthogonal 
unions of other pairs or families of minimal cones are minimal. In fact Theorem 8.57 was the first try, 
where we replaced one plane by the simplest minimal cone Y. But then the author noticed that the 
proof became already a bit too complicated, so she stopped at this step. 
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